MATHEMA / HOTS Series



For Class X / OP GUPTA (9650 350 480)

Quadratic Equations & Applications
In mathematics we almost always do everything the easiest way possible!
INTRODUCTION
As has been discussed earlier in the chapter on Polynomials, a quadratic polynomial is of second degree, do
you remember? If not, you can always make a quick recap of the same from your notes! Now let me tell you
what you shall study in this chapter on Quadratic Equations. I shall tell you about equations corresponding
to the quadratic polynomials. You will be told various methods of solving these quadratic equations and a
few aspects concerned with the nature of roots of quadratic equations. Along with this you will also learn
how to use these equations to solve various real life problems.
Let’s begin this journey!
01. Quadratic equation: If p  x  is a quadratic polynomial, then p  x   0 is called a quadratic equation. The
standard or general form of a quadratic equation is given as ax2  bx  c  0, a  0 , where a, b and c are all
real constants.
02. Roots of a quadratic equation: Two real numbers  and  are called the roots (solutions) of the
quadratic equation p  x   0 if p    0 i.e., a 2  b  c  0 and p     0 i.e., a 2  b  c  0 .
If you know how to do factorization of a quadratic polynomial, you are going to enjoy a lot! And in case, you
are a bit shaky in this aspect, I assure to help you in this regard!
The quadratic equations are Conditional equations as they have only two roots. Besides these two
roots, not any other value can satisfy the equation!
03. Sum and product of roots: If  and  are the roots of quadratic equation ax2  bx  c  0, a  0 then,
b
c
and P, Product of roots  i.e.   
a
a
constant
and  
.
coefficient of x 2

S , Sum of roots  i.e.      

i.e.,

  

coefficient of x
coefficient of x 2

04. To find a quadratic equation if its roots are given: If  and  are the roots of quadratic equation say
p  x   0 then the quadratic equation is given as,
x 2  Sx  P  0 or k  x 2  Sx  P   0 where S     , P   and k is any real no.

 Note that here S and P represent the sum of roots and product of roots of p  x   0 respectively.
You must be wondering that so far whatever I have told you, you already know it from your knowledge of
quadratic polynomials which you studied in chapter on Polynomials. And to tell you the truth, you are absolutely
right! Just you need to remember is the difference between a quadratic polynomial and an equation
corresponding to it.
Now let’s study a few more aspects of quadratic equations!

05. Discriminant and nature of roots: We evaluate a quantity b2  4ac corresponding to the quadratic
equation ax 2  bx  c  0, a  0 and call it the discriminant and represent it by the upper case letter D .
Thus discriminant, D  b2  4ac .
The discriminant helps us in deciding the nature of roots of the quadratic equation without actually solving
it. Thus a quadratic equation ax 2  bx  c  0 has
 real solutions if D  0 .
 two distinct real roots if D  0 .
 two equal and real roots if D  0 .
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 no real roots if D  0 .
 The equal roots are known as the Coincident roots as well.
06. Methods of solving quadratic equations:
a) Factorization method: Firstly factorize ax 2  bx  c  0 into a product of two linear factors say
 x    x     0 by splitting the middle term. Then equate each factor to zero and get the values of x as
x   and x   . These values of x are called roots of the given quadratic equation.
b) Completing the square method or Making the perfect square method: Follow the following algorithm to
make the perfect square of the given quadratic expression ax 2  bx  c corresponding to the quadratic
equation ax2  bx  c  0, a  0 —
STEP1- Consider the quadratic equation ax2  bx  c  0, a  0 .
STEP2- Make the coefficient of x 2 as unity i.e., 1 by taking a common. After doing so the quadratic
b
c
b
c


equation will look like, a  x 2  x    0   x 2  x    0 .
a
a
a
a




2

 b 
STEP3- After this, add and subtract   to the quadratic equation obtained in STEP2 as depicted here i.e.,
 2a 
2
2
 2 b
c  b   b  
x  x          0 .
a
a  2a   2a  

2
2

c
b
b  
STEP4- The perfect square of ax 2  bx  c  0 will be  x           0 .
2a   a  2a   


Then the solution of the quadratic equation can be obtained as,
2

b 
b2  4ac
b
b2  4ac
b
b2  4ac






.
x
 x  2a   4 a 2  x 
2a
2a
2a
4a 2



Hence, if  and  are the roots of quadratic equation ax2  bx  c  0, a  0 then the values of  and  can
be written as,



b  b2  4ac
b  b2  4ac
, 
.
2a
2a

c) Quadratic formula method or Discriminant method: Obtain the discriminant of quadratic equation
b  D
and
ax 2  bx  c  0, a  0 that is, D  b 2  4 ac . Then the roots of the given quadratic equation are
2a
b  D
.
2a

WORKED OUT ILLUSTRATIVE EXAMPLES
Ex01. Example for the factorization method:
Consider a quadratic equation x 2  5 x  6  0 . Now, proceeding as has been described in 6(a) above.
We have x 2  5 x  6  0
 x 2  3x  2 x  6  0
 x  x  3  2  x  3  0
  x  3 x  2   0
  x  3  0,  x  2   0
 x  3, x  2

 Splitting the middle term
Taking common the terms concerned 
Taking common the factor concerned 
 Equating each of the factor to zero

 x  3,  2 .
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So, the roots of x 2  5 x  6  0 are 2,  3 .
Ex02. Example for completing the perfect square method:
Consider a quadratic equation 3 x  1  2 x 2  0 . Now following the steps mentioned in 6(b) above.
We have 3 x  1  2 x 2  0
3
1

 2  x 2  x    0
2
2


Taking  2 common to make the coefficient of x 2 unity 

2

 x2 

2

3
 3 1  3
x       0
2
 4 2  4

 Adding & subtracting the half of coefficient of x 

2

3 1 9

 x     0
4  2 16

2

3
1

 x  
4  16

3
1
 x  
4
4
3 1
x 
4 4
3 1 3 1
x
,
4
4
1
 x  1, .
2

So, the roots of 3 x  1  2 x 2  0 are

1
,1 .
2

Ex03. Example for quadratic formula method:
Consider a quadratic equation x 2  7 x  12  0 . Now proceeding as explianed in 6(c) above.
We have x 2  7 x  12  0
By comparing to ax 2  bx  c  0 we observe, a  1, b  7, c  12 .
2

So the Discriminant, D  b 2  4ac  D   7   4 112   D  49  48  D  1 .
Now using x 

7  1
b  D
we get, x 
2 1
2a

7  1
2
7  1 7  1
x
,
2
2
 x  3,  4 .
So, the roots of x 2  7 x  12  0 are 3, 4 .
x

Ex04. Deciding the nature of roots of quadratic equations without solving:
a) No real roots–
Consider a quadratic equation x 2  x  1  0 .
By comparing to ax 2  bx  c  0 we observe, a  1, b  1, c  1 .
2

So the Discriminant, D  b 2  4ac  D  1  4 11  D  1  4  D  3 .
Since 3  0  D  0 .
So, the roots of the given quadratic equation x 2  x  1  0 are not real.
b) Equal and real roots–
Consider a quadratic equation x 2  4 x  4  0 .
By comparing to ax 2  bx  c  0 we observe, a  1, b  4, c  4 .
2

So the Discriminant, D  b 2  4ac  D   4   4 1 4   D  16  16  D  0 .
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Since D  0 .
So, the roots of the given quadratic equation x 2  4 x  4  0 are equal and real.
c) Distinct real roots–
Consider a quadratic equation x 2  4 x  3  0 .
By comparing to ax 2  bx  c  0 we observe, a  1, b  4, c  3 .
2

So the Discriminant, D  b 2  4ac  D   4   4 13  D  16  12  D  4 .
Since 4  0  D  0 .
So, the roots of the given quadratic equation x 2  4 x  3  0 are distinct and real.

EXERCISE FOR PRACTICE
Q01.
Q02.

What do you understand by root/ solution of a quadratic equation?
Which of the followings is not a quadratic equation:
5
x

(a) 3x   x 2
Q03.

(b) 3  x 2  8 x  0

(c) x 

1
8
x

(d) x 2  3  4 x 2  4 x

1
8
x

(d) x 2  4 x  0

 Ans.a

Write the following quadratic equations in the standard form:
(a)  x  5 x  4   5

(b)  x 2  8 x  3  6

(c) x 

 Ans. x 2  x  25  0; x 2  8 x  9  0; x 2  8 x  1  0; x 2  4 x  0  0

Q04.

Solve the following equations using factorization, completing the perfect square & quadratic formula
method:
(a) 2 x 2  9 x  56  0

(b) 5 x  3x 2  0

(c) x 

20
 9  0 (d) x 2  56  8
x

7
5

 Ans. 2 , 8; 0, 3 ;  4, 5; 8, 8

1
x

 Ans.  5

Q05.

If x 2  5 x  1  0 , find the value of x  .

Q06.

Solve the followings:
(a) 3x2  2 2 x  2 3  0

(b) 36 x 2  12ax  a 2  b2  0

(c) 16.4 x  2  16.2x 1  1  0

(d)

(e)

Q07.
Q08.
Q09.
Q10.
Q11.
Q12.

Q13.
Q14.

1
1
1
1



; x  1, 2, 4,5
x 1 x  5 x  2 x  4

x 1 x  2

 3; x  1, 2
x 1 x  2
 2x 1   x  3 
(f) 2 
  3
  5; x  1/ 2, 3
 x  3   2x 1 


2 a b a b
13  3 21 1
,
;  4; 2, 5;
;  , 10
 Ans. 6,  ;
3 6
6
10
5

2
2
2
2
If the equation 1  m  x  2mcx  c  a  0 has equal roots, prove that c 2  a 2 1  m2  .

If sinQ and cosQ are roots of the equation ax 2  bx  c  0 , then prove that a 2  b 2  2ac  0 .
The sum of the reciprocals of two consecutive natural nos. is 23/132. Find the numbers.
 Ans.11,12
If a train travels 15km/hr faster, it would take 1 hour less to travel 180km. Find the original speed of the
train.
 Ans.45km / hr
The sum of digits of a two digits number is 8. The number obtained by interchanging the two digit
exceeds the given number by 36. Find the number.
 Ans.26
Seven times a two digit number is the same as four times the number obtained on interchanging the digits
of given number. Also one digit of the given number exceeds the other digit of the number by 3. Find the
number.
 Ans.36
Sami takes 6 days less than the time taken by Tani to finish a work. If both of them can finish the same
work together in 4 days, then find the time taken by Tani alone to finish the work.  Ans.12 days
Form a quadratic equation whose one root is 3  2 .
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Q15.

Determine the positive value(s) of p for which the equation x 2  px  64  0 and x 2  8 x  p  0 will both
have real roots.
 Ans.16

Q16.
Q17.

If the roots of x 2  dx  m  0 differ by 1, then prove that d 2  4m  1 .
For what value of a the roots  ,  of the quadratic equation x 2  6 x  a  0 satisfy the relation
3  2   20 ?
 Ans.  16

Q18.

If ratio of the roots of equation dx 2  mx  m  0 is equal to p : q then, prove that

Q19.

If sum of the roots of equation


1 2
 a  b2  .
2

If the roots of  b  c  x 2   c  a  x   a  b   0 are equal, then prove that 2b  a  c .

Q21.

Show that

Q23.

q
m

 0.
p
d

1
1
1

 is zero then, prove that the product of the roots is given as
xa xb c

Q20.

Q22.

p

q

2 1 1
  if roots of the equation a  b  c  x 2  b  c  a  x  c  a  b   0 are equal.
b a c
1
 Ans.3; 1  2
b) 2 
.
Evaluate: a) 6  6  6  ...

1
2
2  ...

Solve the followings:
5x 2  6 x  8  5x 2  6 x  7  1

a)

x  5  x  21  6 x  40

b)

c)

x 2  4 x  21  x 2  x  6  6 x 2  5 x  39

d) 5  2 6

2





x 2 3



 5 2 6

e)  x 2  5 x   30  x 2  5x   216  0

f) 4 x  5.2 x  4  0

g) x  x  2   x 2  1  1  0

h) 5x

i) 3x

2

x

 4x

2

x

 25

2

3x





x 2 3

 10

1
25

j) 22 x  3  65  2 x  1  57  0


14
1  5
(repeated);  1, 2;  1, 2;  3
 Ans.4; 4,  ; 2, 3;  2,  2; 2, 3, 9, 4; 0, 2;
5
2
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Arithmetic Progressions
If I have the belief that I can do it, I will acquire all the capacity to do it
even if I may not have it at the beginning!

INTRODUCTION
In this chapter we shall learn about something new, we shall study about numbers following a particular
pattern. We shall define a term called Arithmetic Progression and learn its various aspects and then after we
shall solve some real life problems using this as well! But before that let me first introduce you to a few
terms which are relevant but are not of much importance from the examination point of view. I would like to
inform you that this topic is really very interesting, and you will surely enjoy!
a) Sequence: It is a succession of numbers t1 , t2 , t3 ,..., tn formed according to some definite rule. And
t1 , t2 , t3 ,..., tn are called respectively the first, second, third,…, nth terms of the sequence.
b) Finite and infinite sequence: A sequence is finite or infinite accordingly as it has finite or infinite
number of terms.
c) Series: If tn  be a sequence, then an expression of the form t1  t2  t3  ...  tn is called a series.
Alternatively we can say that a series represents the sum of the terms of a sequence. Here t1 , t2 , t3 ,..., tn are
called respectively the first, second, third,…, nth terms of the series.
d) Finite and infinite series: A series is finite or infinite accordingly as it has finite or infinite number of
terms.
e) Progression: If the terms of a sequence are written under specific conditions, then the sequence is called
a progression. In the current chapter we shall confine ourselves to Arithmetic Progression (AP) only and its
various aspects. However there are other progressions as well viz. Geometric Progression (GP) and
Harmonic Progression (HP) which will be studied in later classes.
NOTE that all the discussion above has been given only for the purpose of understanding of what we have
to study about in this chapter. Now we shall commence our exploration of Arithmetic Progression,
abbreviated as AP in all further cases.
Let’s begin our mission, (which is of course, not impossible)!
01. Arithmetic Progression [AP]:
A succession of numbers is said to be in AP if the difference between any term and the term preceding it is
constant throughout. This constant is called the common difference of the arithmetic progression and is
represented by the lower case letter d.
Thus if a1 , a2 , a3 ,..., an represent the n terms of an AP then, a2  a1  a3  a2  ...  an  an 1 . And the number
obtained by a2  a1 or a3  a2 i.e., an  an 1 is called the common difference d.
Thus, d  a2  a1 , and in general d  an  an 1 .
 General form of an AP: If an AP has n terms with its first term as a and the common difference as d then,
its general form is given as, a, a  d , a  2d , a  3d , ..., a   n  1 d .
 General term i.e. nth term of AP: If an AP has n terms with first term a and the common difference d then
its nth term is given as, an  a   n  1 d . Can I expect you to remember that an is called the last term and
nth term of the AP as well, always keep it in mind!
 pth term of an AP from end: Consider an AP having n terms with first term and common difference as a
th
and d respectively. Then, p th term from end   n  p  1 term from beginning .
Hence, an  p  1  a    n  p  1  1 d  a   n  p  d .
Also we can use the following algorithm too to find the pth term of an AP from end:
STEP1- Consider the given AP as a1 , a2 , a3 ,..., an .
STEP2- Reverse the AP to obtain a new AP as an , an 1 , an  2 ,..., a2 , a1 .
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STEP3- Now consider an as the first term of this newly obtained AP with d  an 1  an .
STEP4- Find pth term from the beginning of this new AP. This will give the pth term from the end for the
original arithmetic progression.
 Properties of AP:
a) If the same number is added to, or subtracted from, all the terms of an AP then the resulting progression
is also an AP with the same common difference as is of the original AP.
b) If the corresponding terms of two APs be added or subtracted, the resulting progression is also an AP
with common difference d1  d 2 or d1  d 2 (or d 2  d1 ) as the case may be of addition or subtraction of APs
respectively.
c) If all the terms of an AP be multiplied or divided by the same quantity, the resulting progression is also
d
as the case may be of multiplication or division respectively.
an AP with common difference kd or
k
ac
d) If a , b, c are in AP then 2b  a  c  b 
. The number b is called the Arithmetic Mean (AM,
2
look out for its discussion in the class) between a and c .


Any three nos. in AP can be considered as: a  d , a, a  d .



Any four nos. in AP can be considered as: a  3d , a  d , a  d , a  3d .



Any five nos. in AP can be considered as: a  2d , a  d , a, a  d , a  2d .

02. Sum of n terms of AP [Sn]:
Consider an AP with first term a, common difference d, an as its nth term and Sn as the sum to n terms.
Now Sn  a   a  d    a  2d    a  3d   ...   an  2d    an  d   an
…(i)
Rewriting it, Sn  an   an  d    an  2d   ...   a  3d    a  2d    a  d   a
Adding (i) and (ii), we get

…(ii)

2Sn   a  an    a  an    a  an   ...   a  an    a  an    a  an 
  a  an    a  an    a  an   ... to n terms
 n   a  an 

n
 a  an 
2
n
or,
Sn  2a   n  1 d 
 an  a   n  1 d
2
n
n
n
Summing up, Sn   a  an    first term  last term   2a   n  1 d  .
2
2
2
 Sn 

 If Sn represents the sum of n terms of an arithmetic progression then, its nth term can be obtained
as an = Sn  Sn 1 .
 Sum of first n natural numbers, Sn 

n  n  1
2

.

NOTE (I) Expression involving nth term of an AP is always linear.
(II) Expression involving sum of n terms of an AP is always quadratic.

WORKED OUT ILLUSTRATIVE EXAMPLES
Ex01. Is the sequence given by 1, 11, 21, 31, ... an arithmetic progression?
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Sol. Yes, it is arithmetic progression with first term as 1 and the common difference as 10. Hence, a= 1, d=
10.
Ex02. If first term of an AP is 9, and its fifth term is 45, what will be its third term?
Sol. Here a=9 and a5=45. Let the common difference of AP be d.
Then by using an  a   n  1 d , we have
45  9
a5  a   5  1 d  45  d 
 9.
4
So third term, a3  a   3  1 d  a3  9  2  9  27 .
Hence, the third term of the AP is 27.
Ex03. If there are  2n +1  terms in an AP, prove that the sum of terms at odd places and the sum of terms at
even places are in the ratio of  n +1  : n .
Sol. Let a be the first term and d be the common difference of the given AP. Also assume that Se and So
denote the sum of even terms and sum of odd terms respectively.
Then, So  a1  a3  a5  ...  a2 n 1

 n  1

 a1  a2n 1 
2
 n  1 a  a  2 n  1  1 d
So 


 
2 
So   n  1 a  nd 


i.e.,
And, Se  a2  a4  a6  ...  a2 n
n
  a2  a 2 n 
2
n
Se   a  d   a   2n  1 d 
2
Se  n  a  nd 
i.e.,
By (i) and (ii), we get
So  n  1 a  nd 

Se
n  a  nd 

…(i)

…(ii)

Hence, So : Se   n  1 : n .

EXERCISE FOR PRACTICE
Q01.

th

The 19 term of an AP is equal to 3 times its 6th term. If its 9th term is 19, find the AP.
th

th

 Ans.3,5, 7,...
 Ans.931

Q02.

Find the sum of first 19 terms of an AP whose 8 term 41 and 13 term is 61.

Q03.
Q04.
Q05.
Q06.

Find the sum of all three digit numbers which are divisible by 9.
 Ans3.55350; Ans 4.5; Ans5.6
For what value of k the expressions 2k  7, k  5, 3k  2 are three consecutive terms of an AP?
If the sum of first n terms of an AP is given by 3n 2  5n , find the common difference of AP.
The sum of first three terms of an arithmetic progression is 15. If the sum of their squares is 93, find
the AP.
 Ans6. 2,5,8,11,... or 8,5, 2, 1,... ; Ans 7.77 :176

Q07.

The sum of n terms of two APs are in the ratio (3n  8) : (7n  15) . Find the ratio of their 12th terms.

Q08.

If sum of n terms of an AP is given as nP  n(n  1)Q , where P and Q are any constants, find the

Q09.

common difference for this AP.
 Ans. Q
The income of a person is Rs.3,00,000 in the first year and he receives an increment of Rs.10,000 to
his income per year for the next 19years. Find the total amount, he received in 20years. [Self
Find the sum of odd integers from 1 to 2001.
 Ans.1002001

Q10.

1
2
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Q11.
Q12.

Find the sum of all natural numbers lying between 100 and 1000, which are multiple of 5.  Ans.98450
In an AP, the first term is 2 and sum of the first five terms is one-fourth of next five terms. Show that
20th term of the AP is 112 .

Q13.

In an arithmetic progression, if p th term is
is

1
1
and qth term is , prove that the sum of first pq terms
q
p

1
( pq  1) , where p  q .
2

 Ans.4

Q14.

If the sum of a certain number of terms of the AP 25, 22, 19, … is 116. Find the last term.

Q15.

Find the sum to n terms of the AP, whose k th term is 5k  1 .

Q16.

If the sum of n terms of an arithmetic progression is pn  qn 2 , where p and q are constants, find the
common difference.
 Ans.2q

Q17.

The sum of n terms of two APs are found to be in the ratio (5n  4) : (9n  6) . Find the ratio of their 18th
terms.
 Ans.179 : 321
If the sum of first p terms of an AP is equal to the sum of first q terms, then find the sum of first (p+q)
terms.
 Ans.0
If the sum of the first p, q and r terms of an AP are given as a, b and c respectively then, prove that

Q18.
Q19.

 Ans.

5n 2  7n
2

a
b
c
(q  r )  (r  p )  ( p  q)  0 .
p
q
r

Q20.

The ratio of the sums of m and n terms of an AP is given as m2 : n 2 . Show that the ratio of its mth and
nth term is (2m  1) : (2n  1) .

Q21.

If the sum of n terms of an AP is 3n2  5n and its mth term is 164, find the value of m.

Q22.

If the pth, qth and rth terms of an AP are given as a, b and c respectively then, prove that:
a) a(q  r )  b(r  p)  c( p  q)  0

 Ans.27

b)  a  b  r   b  c  p   c  a  q  0 .
Q23.

Find four numbers in AP whose sum is 20 and the sum of whose squares is 120.  Ans.2,4,6,8 or 8,6,4,2

Q24.

Divide 56 into four parts which are in AP such that the ratio of product of extremes to the product of
means is known to be 5:6.
 Ans.8,12,16, 20 or 20,16,12,8

Q25.

Rahul joined a company on initial salary of Rs.50000 per month with annual increment of Rs.4500. What
will be his salary in 5th year?
 Ans.Rs.68000

Q26.

Siya purchased National Savings Certificate of Rs.5000 on her daughter’s first birthday and decided to
purchase NSC of Rs.500 more on every subsequent birthday. How much money she will be able to save
by her 18th birthday?
 Ans.Rs.166500

Q27.

The taxi fare for the 1st kilometer is Rs.20 in certain city. For each additional kilometer it increases by
Rs.8. What will be the fare paid by a passenger if he prefers to travel for 15km?
 Ans.Rs.132

Q28.

What will be the circumference of a circle after 20minutes when there is a constant increase of 2cm in its
radius in every 5 minutes, if initially the circle has a radius of 8cm?
 Ans.32 cm

Q29.

If the nth term of an AP is 3n+2, find its common difference.

Q30.

If the sum to first n terms of an AP is 3n2 +2n, find the AP.

Q31.

What is the first positive term of the AP –17, –14, –11, …?

Q32.

If 5th and 10th terms of an AP are 26 and 51 respectively, find its 15th term.

Q33.

Find the sum of first 50 odd natural numbers.

Q34.

If five times the fifth term of an AP is equal to eight times its eighth term, find its thirteenth term.
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Q35.

In an AP, prove that am+n + am-n=2am , where an denotes the nth term of AP.

Q36.

Find the sum of all 3 digit numbers which leave remainder 3 when divided by 13.

Q37.

The sum of three numbers in AP is 3 and their product is –35. Find the numbers.  Ans.7,1, 5 or  5,1, 7

Q38.

If it is given that q2  pr and the equations px 2  2qx  r  0 and dx 2  2ex  f  0 have a common root,
then show that

 Ans34.0
 Ans.37881

d e f
, , are in AP.
p q r

For all your Maths queries, please visit at : www.theOPGupta.com
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Cartesian System & Coordinate Geometry
Maths is incredibly wonderful, but to get to the point
where you can see how great it is, you must learn your basics well!
INTRODUCTION
I hope you are familiar with various geometrical figures which you have been studying so far from our previous
classes. The study of geometry begins with a point and straight line. This branch of geometry is known as the
Euclidean Geometry. The study of various geometrical concepts in a systematic way through algebra is termed as
analytical geometry or coordinate geometry. In this geometry the geometrical figures are studied by means of
equations. In this chapter on Coordinate Geometry we are going to use various algebraic concepts in the study of
geometry. This study was firstly done by French mathematician and philosopher Rene Descartes. He published
his works on the coordinate geometry in his book La Geometric.
Now we begin our study of the Cartesian coordinate system.
01. Rectangular Coordinate Axes: Let X ' OX and Y ' OY be two mutually perpendicular lines through any point
O in the plane of the paper. We shall call this point O as origin in short otherwise it is called the origin of
coordinates. Also on horizontal line X ' OX , we assume that it is positive on the right side of O and negative on
the left side of O. Similarly on the vertical line Y ' OY , we assume that it is positive above the origin and negative
below the origin. The line X ' OX and Y ' OY are called the X-axis and Y-axis respectively. The two lines taken
together are called the coordinate axes or the axes of coordinates and the plane are known as the Cartesian plane
or the XY-plane.
Consider a point P in the Cartesian plane. Draw the perpendiculars PM and PN on the X- and Y-axis respectively.
The length of OM and ON is respectively called x- coordinate i.e. abscissa and y- coordinate i.e. ordinates of the
given point P. The point P is represented as an ordered pair (x, y) taking abscissa first and then the ordinate both
separated by a comma.
This system of representing a point in the plane in the form of the ordered pair of abscissa and the ordinate is
called the Rectangular Cartesian Coordinate System. Besides this coordinate system, you may expect a little
discussion about polar coordinate system in the class!
Consider Fig.1 for the purpose of illustration. You may notice that the lines X ' OX and Y ' OY have divided the
plane in four parts, these are known as the quadrants.
When the axes of coordinates are not at right angles, they are said to be Oblique Axes, and the angle between
their two positive directions OX and OY i.e., the angle XOY , is generally denoted by the Greek letter  . In
general, it is more convenient to take the axes OX and OY at right angles. They are then said to be Rectangular
Axes.
02. Quadrants and sign conventions:
Quadrant

Sign of x

Sign of y

Sign of (x, y)

Quadrant I
Quadrant II
Quadrant III
Quadrant IV

Positive
Negative
Negative
Positive

Positive
Positive
Negative
Negative

(+, +)
(–, +)
(–, –)
(+, –)

Fig1.

For all your Maths queries, please visit at : www.theOPGupta.com
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03. Distance between two points/ Distance formula: Consider two points P  x1 , y1  and Q  x2 , y2  in the XYplane. Then the distance between them can be obtained by using following relation—
PQ 

 x2  x1 

2

2

  y2  y1  units

This is known as the Distance Formula and can be used to find the distance between any two points in the
Cartesian plane provided their coordinates are known.
04. Some useful facts: In order to prove that a given figure is a
a) square, prove that the four sides are equal and the diagonals are also equal.
b) rhombus, prove that the four sides are equal.
c) rectangle, prove that the opposite sides are equal and the diagonals are also equal.
d) parallelogram, prove that the opposite sides are equal.
e) parallelogram but not a rectangle, prove that its opposite sides are equal but diagonals are not equal.
f) rhombus but not a square, prove that its all sides are equal but the diagonals are not equal.
05. A few more geometrical facts:
a)

A quadrilateral is a parallelogram iff

i) opposite sides are equal.
ii) diagonals bisect each other.

b)

A quadrilateral is a rectangle iff

i) opposite sides are equal and one angle is right angle.
ii) opposite sides are equal and diagonals are equal.

c)

A quadrilateral is a rhombus iff

i) all the four sides are equal.
ii) diagonals bisect each other at right angles.
iii) diagonals bisect each other and two adjacent sides are
equal.

d)

A quadrilateral is a square iff

i) all the four sides are equal and diagonals are equal.
ii) all the four sides are equal and one angle is a right
angle.

 A rectangle is a parallelogram whose diagonals are equal.
 A square is a rhombus whose diagonals are equal.
 A rhombus is a parallelogram whose adjacent sides are equal.
 A triangle is equilateral iff all of its sides are equal.
 A triangle is isosceles iff its two sides are equal.
06. Area of a triangle: If the coordinates of vertices say A  x1 , y1  , B  x2 , y2  and C  x3 , y3  of the ABC are
given, its area can be evaluated by using following relation—
1
ar  ABC    x1  y2  y3   x2  y3  y1   x3  y1  y2  Sq.units
2
 Note that the area is a positive quantity. But while using the above relation to evaluate the area of triangle,
sometimes we get the area as negative due to the order, i.e. clockwise order, in which the points were taken. But
if the points are taken arbitrarily, then the area calculated may be positive or negative, the numerical value
however, remains the same in both the cases. So in any case if the area calculated is negative, we will simply
consider it positive.
07. Section formula: Consider a line segment AB such that their coordinates are A  x1 , y1  and B  x2 , y2  . Also
assume that a point P  x, y  which lies somewhere in between AB then, P must divide AB in some ratio m1 : m2
say (this division is called internal division). Then the coordinates of P can be found by using the relation–
 m x  m2 x1 m1 y2  m2 y1 
P  x, y   P  1 2
,

m1  m2 
 m1  m2
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 x  x y  y2
 If P is the midpoint of AB, that implies P divides AB in 1:1 then, P  1 2 , 1
2
 2


.


08. To prove three points as collinear: By collinear points we mean that they lie on the same line. Suppose three
points under consideration are given as A  x1 , y1  , B  x2 , y2  and C  x3 , y3  . Then in order to prove that they are
collinear we can do any of the followings–
a) Prove that the sum of the distances between two pairs of points is equal to the third pair of points. That is
AB  BC  AC or AC  BC  AB or AC  AB  BC .
1
b) Prove that ar  ABC    x1  y2  y3   x2  y3  y1   x3  y1  y2    0
2
i.e., ar  ABC    x1  y2  y3   x2  y3  y1   x3  y1  y2   0 .
c) If B lies on AC then it must divide AC in some ratio which can be found by the help of section formula.
Similarly in cases of other points it can be checked if the point lies on the join of remaining two points.
09. Centroid and In-centre of triangle:
a) Centroid: It is the point of intersection of the medians of triangle. Let the coordinates of the ABC be
A  x1 , y1  , B  x2 , y2  and C  x3 , y3  . Then in order to locate the coordinates of the centroid, we use section
formula and the fact that medians intersect (say at P) each other in the ratio 2 :1 .
 x  x  x3 y1  y2  y3 
,
Hence, centroid P of triangle is P  1 2
.
3
3


b) In-centre: It is the point of intersection of internal angle bisectors of the triangle. Consider a ABC with the
coordinates of vertices A  x1 , y1  , B  x2 , y2  and C  x3 , y3  . Also assume that BC  a , CA  b and AB  c be the
lengths of sides of ABC . Then, the coordinates of in-centre P of triangle are–
 ax  bx2  cx3 ay1  by2  cy3 
P 1
,
.
abc 
 abc
 Keep the followings in mind:
 Centroid of a triangle: Point of intersection of medians.
 In-centre of a triangle: Point of intersection of the internal angle bisectors.
 Orthocentre of a triangle: Point of intersection of the perpendiculars from vertices to the opposite sides.
 Circum-centre of a triangle: Point of intersection of perpendicular bisectors of the sides of triangle. It is
equidistant from the vertices of the triangle. In a ABC , if P is the circum-centre then, PA  PB  PC .
 Centroid, orthocentre and circum-centre of a triangle are collinear.

NOTE (I) Y coordinate of any point on X-axis is 0 i.e., (x, 0).
(II) X coordinate of any point on Y-axis is 0 i.e., (0, y).

WORKED OUT ILLUSTRATIVE EXAMPLES
Ex01.Find the distance between the points  a sin  ,0  and  a , a cos   .
Sol. Let A  a sin  ,0  and B  a , a cos   .
By using distance formula, we have
AB 

i.e.,

 a  a sin  2   a cos   0 2




 x2  x1 

2

  y2  y1 

2

AB  a 2  2a 2 sin   a 2 sin 2   a 2 cos2 

AB  a 2  2a 2 sin   a 2  sin 2   cos2  

AB  2a 2 1  sin  
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AB  a 2 1  sin   units .

Ex02.Find the coordinate of the midpoint of the line joining the points 12, 0  and  6, 6  .
Sol. Let A 12, 0  and B  6, 6  . Also assume that P(x, y) be the midpoint of the line AB. Then P divides AB in the
ratio of 1:1.
By using section formula, we have

 1 6   112  1 6   1 0  
 m1 x2  m2 x1 m1 y2  m2 y1 
,
P  x, y   P 
,
 P  x , y   P 


m1  m2 
11
11
 m1  m2




i.e.,

 18 6 
P  x, y   P  , 
 2 2 

 P  9, 3

Hence, the midpoint of AB is given as P  9, 3 .

EXERCISE FOR PRACTICE
Q01.

Find the coordinates of a point which divide internally the line joining the point  a  b, a  b  to the

 a 2  b2 a 2  2ab  b2 
,
 Ans. 

a b
 ab


Prove that the coordinates x and y of the middle point of the line joining the point  2,3 to the point

point  a  b, a  b  in the ratio a : b .
Q02.

 3, 4  satisfy the equation

x  y 1  0 .

 Ans.a  n  m   n  m 2  4 units

and  a  b, a  b  , then prove that

Q03.

Find the distance between the points  am 2 , 2am  and  an 2 , 2an  .

Q04.

If the point  ,   is equidistant from the points  a  b, b  a 
b  a .

Q05.

If two vertices of an equilateral triangle are  0, 0  and 3, 3 . Find the remaining third vertex of this







Q06.

 

 Ans. 0, 2 3 or 3,  3


equilateral triangle.



If the opposite angular points of a square be  3, 4  and 1, 1 . Find the coordinates of remaining angular

9 1  1 5
 Ans.  2 , 2  ,   2 , 2 

 


The length of a line segment is 10units and coordinates of one end point are  2, 3 . If the abscissa of

points.
Q07.

the other end is 10, find the ordinate of the other end.
Q08.

 Ans.3 or  9

Two vertices of an isosceles triangle are  2, 0  and  2,5 . Find the coordinates of the third vertex if


11 5 
, 
 Ans.  2 
2 2 



the length of the equal sides is 3units .
Q09.

Three vertices of a parallelogram are  3, 4  ,  3,8  and  9,8  . Find the fourth vertex.

Q10.

Find the circum-centre of the triangle whose vertices are  8, 6  ,  8, 2  and  2, 2  . Hence find its

 Ans.  9, 4 

 Ans.  5, 2  , 5units

circum- radius also.





Q11.

Prove that  2a, 4a  ,  2a, 6a  and 2a  3a, 5a are the vertices of an equilateral triangle.

Q12.

Prove that the coordinates  2, 2  ,  2,1 and  5, 2  represent the vertices of a right angled triangle.
Hence find its area as well.

Q13.
Q14.

25

 Ans. 2 sq.units

Prove that  2,3 ,  4, 6  and 1,3 / 2  do not form a triangle.
Show that  2, 2  , 14,10  , 11,13 and  1,1 are the vertices of a rectangle.
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Show that 1, 2  ,  3, 6  ,  5,10  and  3, 2  are the vertices of a parallelogram.
Prove that  2, 1 , 1, 0  ,  4,3 and 1, 2  form a parallelogram, not a rectangle.
Prove that  4, 1 ,  6, 0  ,  7, 2  and  5,1 form a rhombus and not a square.
If  3, 4  and  6, 2  are the extremities of a diagonal of a parallelogram and its one vertex is  1, 3 ,
 Ans.  2,1

find the remaining vertex.
Q19.

Find the coordinates of points on the line joining A  3, 4  and B  2,5 that is twice as far from A as

Q20.

 Ans.  1 / 3, 2 
If A 1,1 and B  2, 3 are two points and P is a point on the line AB produced such that AP  3 AB , find

Q21.

 Ans.  4, 11
Determine the ratio in which the line 3 x  y  9 divides the segment joining 1,3 to  2, 7  . Also

from B if it lies in between AB.
the coordinates of point P.

 Ans.3 : 4, 10 / 7,33 / 7 

determine the coordinates of that point.
Q22.

If A  1, 3 , B 1, 1 and C  5,1 are the coordinates of the vertices of ABC , then find the length of

 Ans.5units
If a vertex of a triangle be 1,1 and the midpoints of the sides through it be  2,3 and  5, 2  , find the
remaining vertices and area of the triangle.
 Ans.  5, 5 ,  9,3 , 22 sq.units
In what ratio is the line joining  3, 1 and  8, 9  divided at the point  5, 21/ 5 ?
 Ans.2 : 3
If midpoint of a line joining the points  3, 4  and  k , 7  is  x, y  such that 2 x  2 y  1  0 , determine
the value of k.
 Ans.  15
If the points  2, 1 , 1, 0  ,  x,3 and 1, y  locate the vertices of a parallelogram, then determine the
values of x and y.
 Ans.x  4, y  2
If midpoints of the sides of a triangle are 1,1 ,  2, 3 and  3, 4  , find its centroid.
 Ans.  2, 2 / 3 
Find the in-centre of ABC with vertices A  0,6  , B 8,12  and C 8, 0  .
 Ans.  5, 6 
Prove that the area of a triangle whose vertices are given as  m, m  2  ,  m  2, m  2  and  m  3, m  is
median through the vertex A.

Q23.
Q24.
Q25.
Q26.
Q27.
Q28.
Q29.

Q31.

independent of m .
Prove that the points  a, b  c  , b, c  a  and  c, a  b  are collinear.
Find the condition so that point  x, y  may lie on the line joining  3, 4  and  5, 6  .

Q32.

If A  6, 3 , B  3,5  , C  4, 2  and P  x, y  , find ar  PBC  : ar  ABC  .

Q33.

Area of a triangle is 5sq.units. Two of its vertices are  2,1 and  3, 2  and the third vertex lies on

Q34.

 Ans.  7 / 2,13 / 2  or  3 / 2,3 / 2 
If the coordinates of vertices of a triangle ABC are A  2,1 , B  5, 4  and C  2, 3 , find ar  ABC  and

Q30.

 Ans.4 y  1  5 x
 Ans. x  y  2 : 7

y  x  3 , find the third vertex.

 Ans.20sq.units, 40 / 58units

1 1
Prove that  a, 0  ,  0, b  and 1,1 are collinear if and only if   1 .
a b

the length of altitude through vertex A.

Q35.
Q36.
Q37.

Show that the points (3,5),(3,1),(0,3) and (1, 4) do not form a quadrilateral.
Points P, Q, R and S in that order divide the line segment joining points A  2,5 and B  7, 5  in five
equal parts. Find their coordinates.

Q38.

 Ans.P  3, 3 , Q  4,1 , R 5, 1 , S  6, 3

Find the coordinates of a point P on the line segment AB such that

PA 3

PB 4

where A  3,1 and B  2,5 .


 6 19 
 Ans.  7 , 7 
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The vertices of a triangle are given as  4, 3 , 1, k  and  9,7  . If its area is 15sq.units, then find the
21

 Ans. 13 or  3
Find the ratio in which the line segment joining (6, 4) and (1, –7) is divided by x-axis.
 Ans.4 : 7

value(s) of k.
Q40.
Q41.

If (2, 1), (3, 4) and (0, 1) are three vertices taken in order of a parallelogram, find the fourth vertex of this
parallelogram.
 Ans.  0, 2 

Q42.
Q43.

The vertices of a triangle are (a, b–c), (b, c–a) and (c, a–b). Prove that its centroid lies on x-axis.
Determine the ratio in which the line x –y –2 =0 divides the line segment joining (3,–1) and (8, 9). Also
find the coordinates of the point of division.
 Ans.2 : 3;  5,3

Q44.
Q45.
Q46.

Find the area of the quadrilateral formed by joining the points (–4, 2), (–3,–5), (3,–2) and (2, 3).
Check if the points (1, 5), (2, 3) and (–2,–1) are collinear.
 Ans 44.38sq.units
The coordinates of the mid-point of the line joining the points (3p, 4) and (–2, 2q) are (5, p). What is the
value of p and q?
 Ans.4, 2
The consecutive vertices of a parallelogram ABCD are A(1, 2), B(1, 0) and C(4, 0). Find the 4th vertex of
the parallelogram.
 Ans.  4, 2 

Q47.
Q48.

Check whether each of the given points (–2, 1), (2,–2) and (5, 2) are the vertices of right angled triangle.

 Ans.Yes
 Ans.  2, 0 

Q49.

Find the point on x-axis which is equidistant from (–2, 5) and (2, 3).

Q50.
Q51.
Q52.
Q53.
Q54.
Q55.

If the distance of P(x, y) from A(5, 1) and B(–1, 5) are equal, prove that 3x =2y.
Show that the points A(5, 6), B(1, 5), C(2, 1) and D(6, 2) are vertices of a square.
Show that the points A(2,–2), B(14, 10), C(11, 13) and (–1, 1) represents a rectangle.
Show that the points (1, 0), (5, 3), (2, 7) and (–2, 4) form a rhombus.
Prove that the points (–2,–1), (1, 0), (4, 3) and (1, 2) are the vertices of parallelogram.
Find lengths of the median of the triangle whose vertices are (1,–1), (0, 4) and (–5, 3).  Ans. 13units

Q56.
Q57.

Prove that the diagonal of a rectangle bisects each other and are equal in length.
Find the ratio in which the point (11, 15) divides the line segment joining the points (15, 5) and  9, 20  .

Q58.

 Ans.2 :1
Find the ratio in which the point P(m, 6) divides the line segment joining the points (–4, 3) and  2,8  .
2

 Ans.3 : 2;  5
If two vertices of triangle ABC are A(3, 2), B(–2, 1) and its centroid G has the coordinates 5 / 3, 1 / 3 .

Also find the value of m.
Q59.

 Ans.  4, 4 

Find the coordinates of the remaining third vertex.
Q60.

Fill in the blanks in the followings:
a) The number line is also called as_____________.
b) The coordinates of any general point on x-axis is __________.
c) The coordinates of any general point on y-axis is __________.
d) In order to prove the three given points (x1, y1), (x2, y2) and (x3, y3) are the vertices of an equilateral
triangle, we need to show that AB, BC and CA are____________.
e) In order to prove the three given points (x1, y1), (x2, y2) and (x3, y3) are the vertices of an isosceles
triangle, we need to show that ____________.
f) In order to prove the three given points (x1, y1), (x2, y2) and (x3, y3) are the vertices of a right triangle,
we need to verify____________ theorem.
 Ans.Real line ;  a,0  ;  0, b  ; equal in lengths; any two sides are equal ; Pythagoras

Q61.

The base AB of two equilateral triangles ABC and ABP with side length 2a lies along the x-axis such
that the mid-point of base AB is at the origin. Find coordinates of vertices C and P of the triangles.





 Ans. 0, 3a , 0,  3a


Q62.

2



2

If P and Q are two points whose coordinates are (at , 2at) and (a/t , 2a/t) respectively. Also S(a, 0) is
another point. Show that (1/SP) + (1/SQ) is independent of t.
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Find the coordinates of the centre of the circle passing through the points (0, 0), (–2, 1) and (–3, 2).
Also find the radius.


 3 11  130
units
 Ans.  ,  ,
2 2  2


Q64.

The area of a triangle is 1.5sq.units. Two of its vertices are A(2,–3) and B(3,–2), the centroid of the
triangle lies on the line 3x–y–8=0. Find the third vertex of the triangle.
 Ans. 1, 1 ,  2, 10 

Q65.

A line of length 10m when joined to origin in Cartesian plane makes an angle of 60 with the X-axis.
Find the coordinates of the tip of this line.

Q66.
Q67.

Q69.
Q70.
Q71.



While evaluating the area of a triangle if the coordinates of its vertices are known, sometimes it comes
negative. Can you cite an explanation for this?
The x-coordinates of two points B and C are the roots of equation x 2  4 x  3  0 and their y-coordinates
are the roots of x 2  x  6  0 . If x-coordinate of B is less than x-coordinate of C and y-coordinate of B is
greater than the y-coordinate of C and coordinates of a third point A be (3,–5), find the length of the
bisector of the interior angle at A.

Q68.



 Ans. 5,5 3



14 2
units
 Ans.
3


If  ,  ,  are the real roots of the equation x 3  3 px 2  3qx  1  0 , find the centroid of the triangle whose
1  1   1
vertices are   ,  ,   ,  ,   ,  .
 Ans.  p, q 
     
Prove that the coordinates of the vertices of an equilateral triangle cannot all be rational.
Prove that the area of a triangle is four times the area of the triangle formed by joining the mid-points of
its sides.
The point (1,–2) is reflected in the X-axis and then translated parallel to the positive direction of X-axis
through a distance of 3 units. Find the coordinates of the point in new position.
 Ans.  4, 2 
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Applications Of Trigonometry
(Problems Based On Heights & Distances)
INTRODUCTION
In this chapter, we shall use our knowledge of trigonometric ratios to deal with the problems of finding heights
and distances. And I can assure you that you will enjoy for sure. But before we do so, I shall give you a quick
recap of whatever you studied in the chapter on Introduction To Trigonometry.
So, here we go!!
01. Trigonometric ratios and sides of a right angled triangle:
 sin  

p
h

 cosec 

h
p

p

 cos  

b
h

 tan  

p
b

 sec 

h
b

 cot 

b
.
p

h

b

02. Trigonometric identities:
 sin 2   cos2   1

 1  tan 2   sec 2 

 1  cot 2   cosec 2 .

03. Relation between trigonometric ratios:
 tan  

sin 
cos 

 tan  

 cot  

cos
sin 

 cosec 

1
cot 

 tan  cot   1

1
sin 

 sec 

1
.
cos

04. Trigonometric ratios of complementary angles:

•

sin  90     cos , cos  90     sin 

•

tan  90     cot  , cot  90     tan 

•

sec  90     cosec  ,

cosec  90     sec .

Following table includes trigonometric ratio of standard angles:
Degree   
T – Ratios
sin

cos
tan



0

30

45

60

90

0

1
2

1

3
2

1

3
2

1

1
2

0

1

1

3



1
0

2
2

3

cosec



2

2

2

1

3

sec

1

2

2

2



1

1

0

3

cot



3

3
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2  1.414, 3  1.732, 5  2.236 .

EXERCISE FOR PRACTICE
Q01.

A circus artist is climbing from the ground along a 24m long rope tied at a point on the ground and is
stretched from the top of a vertical pole of height 12m. Find the angle made by the rope with ground
 Ans.30
level.

Q02.

The shadow of a flagstaff is three times as long as the shadow of the flagstaff when the sun rays meet the
ground at an angle of 60 . Find the angle between the sun rays and the ground at the time of longer
 Ans.30
shadow.

Q03.

Find the angle of elevation of the sun’s altitude when the length of the shadow of a vertical pole is equal
 Ans.45
to its height.

Q04.

A girl, 1.5m tall, is standing at a distance of 28.5m from a cellular- phone tower 30m high. Determine the
 Ans.45
angle of elevation of the top of tower from her eye.

Q05.

A man, standing on the bank of a river, observes that the angle subtended by a tree on the opposite bank
is 60 . When he moves 20m away from the bank, he observes the angle to be 30  . Find the height of the
 Ans.10 3 m, 10m
tree and the width of the river.


Q06.

A tree is broken by the wind. The top of the tree struck the ground at an angle of 30  and at a distance of
30m from the root. Find the whole height of tree & the height above the ground at which it is broken.

Q07.

 Ans.30 3 m, 10 3m

Determine the height of a hill if the elevation of its top at an unknown distance from the base is 30  . Also
at a distance 10km further off from the hill, along the same line, the angle of elevation is 15 . To find the
tan A  tan B
value of tan15 , use tan  A  B  
.
 Ans.5km
1  tan A tan B

Q08.

An airplane at an altitude of 1200m finds that two ships are sailing towards it in the same direction. The
angles of depression of the ships as seen from the airplane are 60 and 30  respectively. Find the distance
 Ans.800 3 m
between these two ships.


Q09.

An airplane pilot, at an altitude of 200m, observes the angles of depression of two opposite points on the

 1

 1 m
 Ans.200 
 3 


two banks of a river to be 45 and 60 . Find the width of the river.
Q10.

Two poles of same height are standing on either side of a 100m wide road. Angle of elevation of the top
of two poles are 60 and 30  at a point on the road between the two poles. Find the position of the point
 Ans.25m from1st pole & 75m from 2nd pole, 25 3m
between poles and the height of each pole.


Q11.

As observed from the top of a light house, 100m above the sea level, the angle of depression of a boat,
sailing directly towards it, changes from 30  to 45 . Determine the distance travelled by the boat during
 Ans.100


the period of observation.
Q12.

Q14.



3 1 m

From the top of a tower 60m high the angles of depression of the top and the bottom of another tower are
observed to be 30  and 60 . Find the height of second tower and the distance between them.

 Ans12.40m , 20
Q13.



3m ; Ans13.10 3m, 40m ; Ans14.50



1 

3  1 m ; Ans15.4000 1 
m
3




A boy is standing on the deck of a ship, which is 10m above water level. He observes the angle of
elevation of the top of a hill as 60 and the angle of depression of the base of the hill as 30  . Calculate the
distance of the hill from the ship and the height of the hill.
There is a small island in the middle of a 100m wide river and a tall tree stands on the island. A and B are
points directly opposite to each other on two banks, and in line with the tree. If the angles of elevation of
the top of the tree from A and B are respectively 30  and 45 , find the height of the tree.
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An airplane when flying at a height of 4000m from the ground passes vertically above another airplane at
an instant when the angles of elevation of the two planes from a fixed point on the ground are 60 and
45 respectively. Find the vertical distance between the two planes at that instant.
The length of a string between a kite and a point on the ground is 90m. If the string makes an angle 
with the ground level such that the cosine of the angle  is 15 / 17 , then how high is the kite if there is no
slack in the string.
 Ans. 42.35m
A parachutist is descending vertically and makes the angles of depression of 45 and 60 at two
observing points on the ground which are 100m apart from each other and are situated on the same side.
Find the maximum height from which he falls and the distance of the point where he falls on the ground
from the two observation points.
 Ans. Height : 236.6m; Distances : 236.6m,136.6m
A fire in a building is reported on telephone to two fire stations P and Q, 20km apart from each other on a
straight road. P observes that the fire is at an angle of 60 to the road and Q observes that it is at an angle
of 45 to the road. Which fire station should send its team & how much will this team have to travel?

 Ans. P, 7.32km
Q19.

A man on the top of a vertical tower observes a car moving at a uniform speed coming directly towards
it. If it takes 12minutes for the angle of depression of the car to change from 30  to 45 , how soon after
this will the car reach the tower?
 Ans.16 min, 23sec

Q20.

The angle of elevation of a jet plane from a point A on the ground is 60 . After a flight of 15seconds, the
angle of elevation changes to 30  . If the jet plane is flying at a pre- decided constant height of 1500 3m ,
find the speed of the jet plane.
 Ans.200m/s i.e.720km/hr

Q21.

The angle of elevation of a jet plane from a point A on the ground is 60 . After a flight of 30seconds, the
angle of elevation changes to 30  . If the jet plane is flying at a pre- decided constant height of 3600 3m ,
find the speed of the jet plane.
 Ans.864km/hr

Q22.

The angle of elevation of a jet fighter plane from a point A on the ground is 45 . After a flight of
20seconds, the angle of elevation changes to 30  . If the plane is flying at a pre- decided constant speed of
720km/hr, find the height at which the jet is flying.
 Ans.5.464km

Q23.

An airplane flying horizontally 1km above the ground is observed at an elevation of 60 . After
10seconds, its elevation is observed to be 30  . Find speed of the airplane in km/hr.  Ans.415.66km/hr

Q24.

A man on the top of a hill observes a boat at an angle of depression of 30  which is approaching the
shore to the point immediately beneath the observer with a uniform speed. 6minutes later, the angle of
depression of the boat is found to be 60 . Find time taken by the boat to reach the shore.
 Ans.9min
A straight highway leads to the foot of a tower. A man standing on the top of tower observes a motor
bike at an angle of depression of 30  which is approaching the foot of tower with a uniform speed.
6seconds later, the angle of depression of the bike is found to be 60 . Find the time taken by the bike to
reach the foot of the tower from this point.
 Ans.3seconds
A man rowing a boat away from light house 150m high, takes 2minutes to change the angle of elevation
of the top of the light house from 45 to 30  . Find the speed of the boat.
 Ans.3.29km/hr
A bird is sitting on the top of a tree 80m high. The angle of elevation of the bird from a point on the
ground is 45 . The bird flies away from the point of observation horizontally maintaining a constant
height. After 2seconds, the angle of elevation of the bird from the same point of observation becomes
30  . Find the speed of flying of the bird.
 Ans.29.28m / s
The angle of elevation of a cloud from a point h meters above the surface of a lake is  and
the angle of depression of its reflection in the lake is  . Prove that:

Q25.

Q26.
Q27.

Q28.

 tan   tan  
a) the height of the cloud above the lake’s surface is h 
 , and
 tan   tan  
2h sec 
b) the distance of the cloud from the point of observation is
.
tan   tan 
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Q32.

Q33.

Q34.

Q35.
Q36.
Q37.
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a) From a jet plane vertically above a straight horizontal road, the angles of depression of two
consecutive mile stones on opposite sides of the plane are observed to be  and  . Show that the height
tan  tan 
.
(in miles) of jet plane above the road is given by
tan   tan 
b) From a jet plane vertically above a straight horizontal road, the angles of depression of two
consecutive mile stones on the same side of the plane are observed to be  and  . Show that the height
tan  tan 
(in miles) of jet plane above the road is given by
.
tan   tan 
AB is a lamp post of height h, and CD is a tower at some distance. It is observed that  and  are the
angles of elevation of D, the top of the tower, at A and B respectively. Find the height of the tower and
h tan 
h
,
its distance from the lamp post.
 Ans.
tan   tan  tan   tan 
A tower subtends an angle of elevation  at a point A in the plane of its base and the angle of depression
of the foot of tower at a point d meters just above A is  . Prove that the height of the tower is
d tan  cot  .
From the top of a light house, the angles of depression of two ships on the opposite sides of it are found
to be  and  . If the height of the light house be h meters and the line joining the ships passes through
the foot of the light house, show that the distance (in meters) between both the ship is given as:
 tan   tan  
h
.
 tan  tan  
A ladder rests against a wall at an angle  to the horizontal. Its foot is pulled away from the wall through
a distance d , so that it slides through a distance p down the wall making an angle  with the
d cos   cos 
horizontal. Show that 
.
p sin   sin 
A tower stands vertically on a horizontal plane and is surmounted by a vertical flagstaff of height h. At a
point on the plane, the angles of elevation of the bottom and the top of the flagstaff are  and 
h tan 
respectively. Prove that the height of the tower is
.
tan   tan 
The angles of elevation of the top of a tower from two points at distances x and y meters from the base
and in the same straight line with it, are complementary. Prove that the height of the tower is xy meters.
A round balloon of radius r subtends an angle  at the eye of an observer while the angle of elevation
of its center is  . Prove that the height of the center of the balloon is r sin  cosec  / 2  .
A tower in a city market is H meters high and a five-star hotel in the city market is h meters high. A
building is situated on the road connecting the tower with the city market at a distance of d meters from
the foot of the tower. The angle of elevation of the top of the tower at the top of the hotel is  . Find the
height of building if top of the hotel, top of the building and top of the tower are in a straight line. Also
find the distance of the tower from the hotel.  Ans. Height : H  d tan  ; Distance :  H  h  cot 

Q38.

The angle of elevation of a cloud from a point 60m above a lake is 30  and the angle of depression of the
reflection of cloud in the lake’s water is 60 . Find the height of the cloud.
 Ans.120m

Q39.

The angle of elevation of a stationary helicopter from a point 100m above a lake is 30  and its angle of
depression of its reflection in the lake’s water is 45 . Find the height of the helicopter.
 Ans.373m
The angles of elevation of the top of a tower from two points located at a distance of 4m and 16m from
the base of the tower and in the same straight line with it are complimentary. Find the height of the tower.

Q40.

 Ans.8m
Q41.
Q42.

At a point on the level ground, the angle of a vertical tower is found  . On walking 192m towards the
tower, the angle changes to  . Find the height of tower if tan   5 / 12, tan   3 / 4 .
 Ans.180m
At a certain point the angle of elevation of a tower is found to be such that its cotangent is 3/5; on
walking 32m directly towards the tower its angle of elevation changes into an angle whose cotangent is
2/5. Find the height of the tower.
 Ans.160m
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From a window, which is 60m high above the ground, of a house in a street the angles of elevation and
depression of the top and bottom of another house situated on the opposite side of the street are 60 and
45 respectively. Find the height of the opposite house.
 Ans.60 1  3 m



Q44.

Q45.

Q46.





A ladder of length 4m makes an angle of 30 with the floor while leaning against one wall of a room. If
the foot of the ladder is kept fixed on the floor and it is made to lean against the opposite wall of the
room, it makes an angle of measure 60 with the floor. Find the distance between these two walls of the
room.
 Ans.5.46m
An aircraft is flying along a horizontal path PQ directly towards an observer on the ground at point R
and maintaining an altitude of 3000m. When the aircraft is at P, the angle of depression is 30  and when
at Q, the angle of depression is 60 . Find the distance PQ.
 Ans.3464m
A person standing on the bank of a river, observes that the angle subtended by a tree on the opposite bank
is 60 . When he retreats 20m from the bank, he finds the angle to be 30  . Find the height of the tree and
the breadth of the river.
 Ans.17.32m,10m

Q47.

A boy is standing on ground and flying a kite with 150m of string at an elevation of 30  . Another boy is
standing on the roof of a 25m high building and flying a kite at an elevation of 45 . Find the length of
string required by the second boy so that the two kites just meet, if both boys are on opposite side of the
kites.
 Ans.70.7m

Q48.

An aeroplane, flying horizontally 1000m above the ground, is observed at an angle of elevation 60 from
a point on the ground. After a flight of 10 seconds, the angle of elevation at the point of observation
changes to 30  . Find the speed of the plane in m/s.
A vertically straight tree, 15m high is broken by the wind in such a way that its top just touches the
ground and makes an angle of 60 with the ground. At what height from the ground did the tree break?

Q49.


5
1 
 Ans 49.6.96m; Ans50. 6 1 
 m / s or 21m / min
3



Q50.

A man in a boat rowing away from a light house 100m high takes 2 minutes to change the angle of
elevation of the top of the light house from 60 to 45 . Find the speed of boat.
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Constructions Related To Circles

And Similar Triangles
Q01.
Q02.

Q03.

Q04.
Q05.
Q06.
Q07.
Q08.
Q09.

Q10.
Q11.
Q12.
Q13.

AB is a line segment of length 8cm. Locate a point C on AB such that AC =1/3 CB.
A triangle ABC is given such that AB=15cm, BC=27cm and angle BAC= 50  . Another triangle A`BC`
similar to triangle ABC is constructed with sides BA` and BC` equal to 25cm and 45cm respectively.
Find the scale factor.
Draw a pair of tangents to a circle of radius 6cm which are inclined to each other at an angle of 60 . Also
justify the construction. Measure the distance between the centre of the circle and the point of
intersection of the tangents.
Give a method to locate the centre of circle if it is not given to you.
Draw a triangle ABC in which AB=5cm, BC=6cm and ABC  60 . Construct a triangle similar to ABC
with scale factor 3/8. Justify the construction.
Draw a triangle ABC in which AB=4cm, BC=6cm and AC=9cm. Construct a triangle similar to triangle
ABC with scale factor 2/5. Are the two triangles congruent?
Draw two tangents to a circle of radius 3.5cm from a point P at a distance of 5.5cm from its centre.
Construct a triangle similar to ABC such that each of its sides is 2/3rd of the corresponding sides of
ABC . It is given that AB=5cm, AC=6cm and BC=7cm.
Draw a line segment AB=4.4cm. Taking A as the centre, draw a circle of radius 2cm and taking B as
centre, draw another circle of radius 2.2cm. Construct tangents to each circle from the centre of the other
circle.
Draw a pair of tangents to a circle of radius 2cm that are inclined to each other at an angle of 90  .
Construct a tangent to a circle of radius 2cm from a point on the concentric circle of radius 2.6cm and
measure its length. Also, verify the measurement by actual calculations.
Construct an isosceles triangle whose base is 7cm and altitude 4cm. Then construct another similar
triangle whose sides are 3/2 times the corresponding sides of the given triangle.
Draw a line AB=8cm. Taking A and b as the centres, draw circles of radii 4cm and 3cm respectively.
Construct tangents to each circle from the centre of the other circle.

Dear students, this geometry needs a lot of patience and work i.e., practice. Let’s talk about practice.
You should practice until you know a topic well. Sometimes that means doing
two problems; sometimes twenty problems; and unfortunately, sometimes
hundred problems. Each topic is different, when you know
the topic, you’ve practiced enough!
For all your Maths queries, please visit at : www.theOPGupta.com
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Mensurations
God, grant me the strength to accept those things that I can’t change!

INTRODUCTION
We are familiar with many geometrical figures around us in our daily life. Some of them are plane figures such as
circle, polygons etc. We also come across many solid geometrical shapes such as cuboids, cones, cylinders,
spheres and hemispheres etc. We have in some details learnt in our earlier classes about how to calculate the
areas, perimeters of the plane figures. Also we have learnt how to calculate the surface areas and volumes of
these solid bodies. In our current discussion, we shall extend our exploration to those solids which are made up of
combinations of two or more such solids, for example a conical circus tent with cylindrical base is a combination
of a right circular cylinder and a right circular cone, an ice-cream cone which is a combination of a cone and a
hemisphere etc. We shall also evaluate the areas and volumes of solids such as buckets (best known as frustum of
a cone) etc.
Circumference
01. Defining   Pi  : It is the ratio of circumference of the circle with its diameter i.e.
  . This
Diameter
22
ratio  is a constant quantity which approximately equals
or 3.14 .
7
02. Sector of a circle: It is that portion or part of the circle which is enclosed by two radii and the corresponding
arc. See Fig1. [We have assumed that angle AOB =  ]

 Area of the sector of angle  


360

 r2

 Length of the arc of a sector of angle  

Minor Sector

360

 2 r

Major Segment

Major Sector
O

A



B

O.

Minor
Segment

B
A

Fig1

Fig2

 Circumference i.e. arc length of semicircle of radius r  2 r
 Perimeter of semicircle of radius r   r  2r .
03. Segment of a circle: It is that portion of the circle which is enclosed between a chord and the corresponding
arc. See Fig2.

 Area of the segment of a circle  Area of the corresponding sector  Area of corresponding triangle




  r 2  r 2 sin cos
360
2
2

1

  r 2  r 2 sin  .
360
2
04. Circle:
Perimeter i.e., circumference  2 r

Area   r 2

06. Rectangle:
Perimeter  2  l  b 
Area  lb

05. Equilateral triangle:
Perimeter  3a
3 2
Area 
a
4
07. Square:
Perimeter  4a
Area  a 2
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08. Cuboid:
Lateral surface area  2  l  b  .h

09. Cube:
Lateral surface area  4a 2

Total surface area  2  lb  bh  hl 
Volume  lbh
10. Sphere:
Surface area  4 r 2
4
Volume   r 3
3

Total surface area  6a 2

Volume  a 3
11. Hemisphere:
Curved surface area  2 r 2
Total surface area  3 r 2
2
Volume   r 3
3
13. Cone:
Curved surface area   rl , where l 2  r 2  h 2

12. Cylinder:
Curved surface area  2 rh
Total surface area  2 r 2  2 rh

Total surface area   r 2   rl
1
Volume   r 2 h
3

Volume   r 2 h

14. Frustum of a cone:
Curved surface area   l  R  r  , where l  h 2   R  r 

2

Total surface area   l  R  r     R 2  r 2  , where l  h 2   R  r 

2

1
Volume   h  R 2  r 2  r R 
3

15. Area of a trapezium 
16. Area of a rhombus 

1
(Sum of parallel sides)  (Distance between parallel sides)
2

1
(Product of diagonals)
2

17. Area of triangle by Heron’s formula=

s  s  a  s  b  s  c  sq.units where s 
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Areas Related To Circles & Other Polygons
Find the area of shaded portion in the following figures from Fig1 to Fig4:

Q01.

Q

B
C

C

B

2cm

A

O

3.5cm

O

10cm

Fig1

A

P

Fig2
14cm

Q

R

100cm

P

S

PQ = QR = RS = 4cm

Fig3

Fig4
 Ans.6.125cm 2 ,57.14cm 2 , 37.71cm2 ,9384cm 2

Q02.

In Fig5, find the area of OAB with AOB=120 , OP  AB and OA= OB= 18cm.

O

 Ans.140.29 cm2

O

A
A
Q03.
Q04.
Q05.
Q06.
Q07.
Q08.
Q09.
Q10.
Q11.

P

B

B

Fig5
Find the area of sector of angle 120 and radius OA = 18cm in Fig6.

Fig6
 Ans.339.42 cm2

The length of an arc of a circle of radius r, subtending an angle x at the centre is ___________.
The perimeter of sector of a circle of radius r and central angle x is ___________________.
The areas of two circular fields are in the ratio of 16:49. If the radius of the bigger field is 14cm, then the
radius of smaller field is ____________.
The distance travelled by a road roller of radius r and length l in 20 rotations is ______________.
Area of a ring of outer radius R and inner radius r is _____________.
If a road roller of radius 7cm and length 20cm performs 20 rotations in a minute then, the distance
covered by it one minute is ________________.
Perimeter of semi-circle is _____________.
Perimeter of segment with radius r and chord length l is ____________________.

2 xr
 r
l
 2 xr

units; 
 2r  units; 8cm; Self ;   R 2  r 2  ; Self ; r   2  ;
 l where sin  
 Ans.


360

 360
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The length of an arc subtending an angle of 72 at the centre of the circle is 44cm, find the area of circle.
 Ans.3850cm 2

Q13.

Q14.

A park is in the form of a rectangle 120m by 100m. At the centre of the park, there is a circular lawn. The
area of the park excluding the lawn is known to be 11384 m2. What is the circumference of circular
lawn?
 Ans.88m
An athletic track, 14m wide, consists of two straight sections 120m long joining semicircular ends whose
 Ans.7056m 2
inner radius is 35m. Calculate the area of track.

Q15.

A chord of a circle of radius 10cm subtends a right angle at the centre. Find the followings: (Use
  3.14 )
a) Area of minor sector
b) Area of minor segment
 Ans.78.5cm 2 , 28.5cm 2 , 285.5cm2 , 235.5cm 2
c) Area of major segment
d) Area of major sector.

Q16.

It is proposed to add two circular ends to a square lawn whose side measures 58cm, the centre of each
circle being the point of intersection of diagonals of square. Find area of whole lawn.  Ans.4325.14 cm 2

Q17.

In a circle of radius 21cm, an arc subtends an angle of 60 at the centre. Find the followings:
a) Length of the arc
b) Area of sector formed by the arc
 Ans.22cm, 231cm 2 , 40.05cm 2
c) Area of segment formed by the corresponding chord of the arc.

Q18.

Find the area of the segment AOB of angle 120 and radius 18cm in Fig6.
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Surface Areas & Volumes Of Solid Bodies
Q01.

Fill in the blanks:
a) The total surface area of a cuboid of dimensions a  a  b is _____________.
b) The volume of right circular cylinder of base radius r and height 2r is _______________.
c) If the height of a cone is same as its diameter of the base, its volume is _________________.
d) The lateral surface area of a hollow cylinder of outer radius R, inner radius r and height h is given
as ____________.
e) If radius of a sphere is doubled, its volume becomes ______times the volume of original sphere.
f) If the radius of a sphere is halved, its volume becomes _______ times the volume of initial sphere.
1

3 2
3
 Ans.2a  a  2b  ; 2 r ; 3  r ; 2 h  R  r  ; 8; 8

Q02.

Q03.

A hollow cone is cut by a plane parallel to the base and the upper portion is removed. If the curved
surface of the remainder is 8/9 of the curved surface of whole cone, find the ratio of the line segments
into which the cone’s altitude is divided by the plane.
 Ans.1: 2
A cone of radius 10cm is divided into two parts by drawing a plane through the midpoint of its axis,
parallel to its base. Compute the ratio of the volume of two parts.

Q04.

From a solid cylinder of height 24cm and diameter 10cm, two conical cavities of same radius as that of
the cylinder are hollowed out. If the height of each conical cavity is half the height of cylinder, find the
 Ans.1162.85cm 2
total surface area of remaining portion of cylinder.

Q05.

A vessel is in the form of a hollow hemisphere mounted by a hollow cylinder. The diameter of the
hemisphere is 14cm and the total height of the vessel is 13cm. Find the inner surface area of the vessel.

 Ans.572cm 2

35cm

15cm
30cm

100cm

Q06.
Q07.

Q08.

Fig1.
A roller pin is made by joining 3 cylindrical pieces of wood as shown in the Fig1. Find the cost of
painting it at the rate of 10paise per sq. cm.
 Ans.Rs.3525.86
A farmer connects a pipe of internal diameter 20cm from a canal into a cylindrical tank to her field,
which is 10m in diameter and 2m deep. If water flows through the pipe at the rate of 3km/hr, in how
much time will the tank be filled?
 Ans.100 min
A toy is in the form of a cone on a hemi-sphere of diameter 7cm. The total height of the toy is 14.5cm.
 Ans.231cm 3 , 203.9cm 2
Find the volume and total surface area of toy.

Q09.

A vessel in the form of hemi-sphere is mounted by a hollow cylinder. The diameter of the bowl is 14cm
 Ans.1642.66cm 3
and the total height of the vessel is 13cm. Find its capacity.

Q10.

A cylindrical container with radius and height 4cm and 8cm respectively is filled with ice-cream and the
ice-cream is distributed to 8 children in equal cone having hemi-spherical tops. If the height of the
conical portion is 4 times the radius of its base, find the radius of the ice-cream cone.
 Ans.2cm
A tent has cylindrical shape surmounted by a conical roof. The radius of the cylindrical base is 20m. The
total height of the tent is 6.3m and height of the cylindrical portion is 4.2m. Find the volume and surface
 Ans.616cm3 ,1792.68cm 2
area of the tent.

Q11.
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Q12.

A vessel is in the form of a hollow hemisphere mounted by a hollow cylinder. The diameter of
hemisphere is known to be 14cm and the total height of vessel is 13cm. Find the inner surface area of the
 Ans.572cm 2
vessel.

Q13.

A conical vessel with internal radius 6cm and height 8cm is completely filled with water. A sphere is
lowered into the water and its size is such that when it touches the sides, it is just immersed. Find the
 Ans.188.57 cm3
volume of water overflows.

Q14.

A given amount of wax in cylindrical form is headed in a metal container and then poured into another
container. A new candle is formed which is shaped like a fish. Fill in the blanks:
a) The volume of the wax ______________ (is changed/ remains the same).
b) The total surface area ________________ (is changed/ remains the same).

 Ans.remains the same, is changed
Q15.
Q16.

Q17.

How many silver coins, 1.75cm in diameter and of thickness 2mm, must be melted to form a cuboid of
dimensions 5.5 10  3.5cm3 ?
 Ans.400
A wooden article was made by scooping out a hemisphere from each end of a solid cylinder. If the height
of the cylinder is known to be 10cm and its base is of radius 3.5cm, find the total surface area
 Ans.374cm 2
of the article.
A sphere of radius 3cm is dropped into a cylindrical vessel partly filled with water. The radius of the
vessel is 6cm. If the sphere is submerged completely, by how much will the surface of water be raised?

 Ans.1cm
Q18.

The radii of the ends of the frustum of a cone are 14cm and 21cm with the slant height being 8cm. Find
 Ans.880cm 2
the area of its curved surface.

Q19.

Find the volume of a frustum of a cone 4m high whose face radii are 7m and 14m.

Q20.

A lamp shade made of a special chart paper is in the form of a frustum of a cone open at both ends. The
radii of its ends are 16cm and 24cm and its height is 6cm. Find the cost of paper used if 1cm2 costs
Rs.0.70.
 Ans.Rs.880
A solid sphere of radius 6cm is melted into a hollow cylinder of uniform thickness. If the external radius
of the base of the cylinder is 5cm and its height is 32cm, find the uniform thickness of the cylinder.

Q21.

 Ans.1437.33cm 3

 Ans.1cm
Q22.

A vessel is in the form of an inverted cone. Its height is 8cm and radius of its top, which is open, is 5cm.
it is filled with some liquid up to the brim. When lead shots, each of which is a sphere of radius 0.5cm,
are dropped into the vessel, one-fourth of the liquid flows out. Find the number of lead shots dropped.

 Ans.100
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Circles In Euclidian Geometry
Q01.

Consider fig1. PT is tangent to a circle with centre O, OT= 56cm, TP= 90cm. Determine OP. Also state
which theorem have you used?
 Ans.106cm

T

T

O

P

O

A

P

Fig1
Q02.
Q03.
Q04.

Fig2

Consider fig2. PT is tangent to a circle with centre O, PT= 36cm, AP= 24cm. Determine the radius of the
circle.
 Ans.15cm
From a point P, 10cm away from the centre of a circle, a tangent PT of length 8cm is drawn. Find the
radius.
 Ans.6cm
Draw a circle with centre O. Draw diameter AB. Now draw tangents at the end points of diameter. Are
these parallel or intersecting? Justify your answer.
 Ans.Parallel

Q05.

TP and TQ are the two tangents to a circle with centre O so that POQ  130 . Find PTQ .  Ans.50

Q06.

From a point Q, the length of the tangent to a circle is 40cm and the distance of Q from the centre is
41cm. Find the radius of circle.
 Ans.9cm

Q07.
Q08.

The common point of a tangent to a circle with the circle is called ________.
 Ans.Point of contact
Find the actual lengths of sides of triangle OTP in the fig3. Given OT = x–6, OP = x+2 & PT = x+1.

 Ans.OT=5cm,TP=12cm, OP=13cm
A

T

Q
B
r

O

P

O

R
D
Fig3
Q09.
Q10.
Q11.
Q12.
Q13.
Q14.
Q15.

P
S

C
Fig4

The length of a tangent from a point A at a distance 5cm from the centre is 4cm. Find the radius of the
circle.
 Ans.3cm
Prove that in two concentric circles, the chord of the bigger circle, which touches the smaller circle, is
bisected at the point of contact.
PQR circumscribes a circle of radius r such that Q  90 , PQ= 3cm and QR= 4cm. Determine the
radius r.
 Ans.1cm
Prove that the parallelogram circumscribing a circle is a rhombus. OR If all the sides of a parallelogram
touch a circle, show that the parallelogram is a rhombus.
ABC is an isosceles triangle, in which AB= AC, circumscribed about a circle. Show that BC is bisected
at the point of contact.
In fig4, a circle is inscribed in a quadrilateral ABCD in which B  90 . If AD= 23cm, AB= 29cm and
DC= 5cm, find the radius r of the circle.
 Ans.11cm
An isosceles triangle ABC is inscribed in a circle. If AB= AC= 13cm and BC= 10cm, find the radius of
circle.
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TP and TQ are tangents to a circle with centre O at P and Q respectively. PQ= 8cm and radius of circle is
20

 Ans.TP=TQ= 3 cm

5cm. Find the lengths of TP and TQ.
Q17.
Q18.
Q19.

Prove that in two concentric circles, the chord of the larger circle, which touches the smaller circle, is
bisected at the point of contact.
Two tangents TP and TQ are drawn to a circle with centre O from an external point T. Prove that the
measure of angle PTQ is twice the measure of angle OPQ.
Two tangents TP and TQ are drawn from an external point T to a circle with centre O, as shown in fig5.
 Ans.80
If they are inclined to each other at 100 then what is the value of POQ ?

A

Q
F

E

T

O
P

B

Fig5

D

C
Fig6

Q20.

The incircle of triangle ABC touches the sides BC, CA and AB at D, E and F respectively. If AB= AC,
prove that BD= CD. Consider fig6.

Q21.

A circle touches all the four sides of a quadrilateral ABCD with AB= 6cm, BC= 7cm and CD= 4cm. Find
the length of side AD. See fig7.
 Ans.3cm

D

R
C

S

Q
A

P

B

Fig7.
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Probability-The Theory Of Chances
Knowledge can come from any source. We must learn to understand and
recognize those sources… probability theory, considered the finest discovery of the human
mind in mathematics comes from the gambling dens of Europe because
the knowledge centres were connected with them.

INTRODUCTION
We all are aware that human life is full of the uncertainties. In our day today life, very often we make guess and
use the statements like:– “Possibility of India winning the cricket match against Australia is 90%”, “Most
probably it will be raining today”, “It is almost certain that Sandeep will secure a place in the I.I.T.”, “Chances
are that Meenu will score good marks in the board examinations” etc. Whenever we use such statements, where
the words ‘possibility’, ‘probably’, ‘almost’, ‘may’, ‘doubt’, ‘most probably’, ‘chance’ etc. are used, we have the
intuition which enables us to claim that one event is more likely to happen than the other. Uses of these words
involve an element of uncertainty. This uncertainty can be measured by the means of Probability. In fact
whenever we make such kind of statements, we are, knowingly or unknowingly, using the famous and vital
Mathematical concept of Probability.
The theory of probability finds its roots in the game of gambling. The oldest indication on the calculation of
chances in the game of dice appeared in year 1477 in a commentary on Dante’s Divine Comedy. A treatise on
gambling named liber de Ludo Alcae, by Geronimo Carden (1501-1576) was published posthumously in 1663.
Galileo (1564-1642), an Italian mathematician attempted a quantitative measure of probability while dealing with
some problems related to the theory of dice in gambling. The first man to write a book on the subject was
J.Cardan, an Italian physician and mathematician. He wrote The Book on Games of Chance. Though the first
foundation of mathematical theory of probability was laid in the mid-seventeenth century by French
mathematicians, Blaise Pascal (1623-1662) and Pierre de Fermat (1601-1665) while solving a number of
problems posed by French gambler and noble-man Chevalier de Mere to Pascal. The famous “Problems of
Points” posed by de-Mere to Pascal was: Two persons play a game of chance. The person who first gains a
certain number of points wins the stake. They stop playing before the game is completed. How is the stake
to be divided on the basis of the number of points each has won? The two mathematicians after a lengthy
correspondence between themselves, around 1654, ultimately solved this problem and this correspondence laid
the first foundation of the science of probability. Pascal solved the problem in algebraic manner while Fermat
used the method of combinations [What do I mean by the word combinations? Well kids, wait till your next
standard, we shall be dealing with this then more frequently]. Great Dutch scientist, Huygens (1629-1695),
became acquainted with the content of correspondence between Pascal and Fermat and published a book on
probability named De Ratiociniis in Ludo Aleae. Besides them, James Bernoulli wrote Treatise on Probability,
Abraham de Moivre published famous Doctrine of Chances, T.Bayes explored in Inverse Probability, Pierre
Simon Laplace (1749-1827) wrote Theorie Analytique des Probabilities. Laplace’s work is considered to be the
greatest contribution by a single person to the theory of probability. The next remarkable work on probability was
done by Russian A.N.Kolmogorov (1903-1987), he is credited with the axiomatic theory of probability. His book
Foundations of Probability introduces probability as a set function and is considered a ‘classic work!’ [Again a
strange word- set function? And kids, again the same answer: wait till your next standard; we shall be dealing
with this then more frequently].
In class IX, we somehow have dealt with the Probability though that was almost negligible fraction of the great
theory of probability. We categorize the Probability into two categories viz. experimental or empirical
probability and the theoretical or classical probability. The former is based on the results of actual
experiments of an event while the other one is the theoretical predictions of occurrence of an event.
Before proceeding, we shall learn about a few terms which are relevant in our present exploration of probability.
So, here I begin with these so called important terms:
01. Experiment: It is an activity which results in some well-defined outcomes (results). e.g. tossing a coin,
throwing a die, drawing a ball from a bag etc.
02. Trial: It is an activity performed once which results in one or several outcomes. e.g. Tossing a coin once is a
trial. But if we toss the coin 15 times, then there are 15 trials in which we will get either Head or Tail.
03. Random experiment: An experiment in which all the possible outcomes are known in advance but exactness
of outcome cannot be predicted. e.g. by tossing a coin, we know, we’ll get either Head or Tail, but we cannot say
which one will come on the top in a throw.
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04. Elementary events: An outcome of a random experiment is called an elementary event. Consider the random
experiment of tossing a coin for getting a possible outcome of Head or Tail. We define,
E: Getting Head on upper side of coin
A: Getting Tail on upper side of coin.
Then here E and A are elementary events. We denote the events by capital letters such as A, B, C, D, E, M, S, X,
Y, Z etc.
05. a) Occurrence of an Event: An event E associated to a random experiment is said to occur if any one of the
elementary events associated to the event E is an outcome. Consider the random experiment of throwing an
unbiased die. Let E denotes the event of ‘getting an odd number’. Elementary events associated to this event are
1, 3, 5. Now suppose that in a random trial the outcome is 5, then we say that event E has occurred.
b) Non-occurrence of an Event: An event E associated to a random experiment is said to be non-occurring if
there is no outcome associated to the event E.
06. Favourable Elementary Event: An elementary event E is said to be favourable if it is as per the definition of
the event. e.g. Consider the throwing of a die. If E denotes the event of ‘getting a prime number’ then, the
occurrence of 2 or 3 or 5 on the face of die means the favourable event has occurred. Otherwise it is called
unfavourable event and we denote it by E or E' . In the present example, the occurrence of numbers 1 or 4 or 6
on the face of die means the unfavourable event has occurred.
07. Impossible Event and Sure Event: An event is said to be impossible if it can never happen. e.g. Obtaining a
number 7 on the face of a die when thrown once is an impossible event. The probability of an impossible event is
of course, 0 i.e. zero. Also, if an event is bound to happen, then it is a sure event. e.g. Obtaining a positive integer
less than or equal to 6 on throwing a die is a sure event.
08. Sample Space: It is the collection (i.e. set) of all the possible outcomes in an experiment. Usually it is
symbolized by the upper case letter S. And the elements of the set is put into the brackets {...} . e.g. Consider the
throwing of a die. Then the all possible outcomes are S  {1, 2, 3, 4, 5, 6} .
09. Equally Likely Outcomes: The results of a random experiment are said to be equally likely if the different
outcomes have the same (equal) chance of occurrence, i.e. there is no reason to expect one outcome in preference
to the other. e.g. Consider the throwing of a die. Then the chance of occurrence of all the numbers, i.e. 1, 2, 3, 4,
5, 6 is equal and not any particular number is more likely to occur as compared to the other.
10. Complement or Negation of an Event: Corresponding to every event E associated with a random
experiment, we define an event “not E” which will occur only when the event E does not occur. We denote it by
E' or E . [For the illustration, go back to the above discussed point 6.]
11. Probability of an Event: The theoretical or classical probability of an event E is the number of ways in
which that event can occur; divided by the total number of possible outcomes.
Thus, if probability of event E is denoted by P  E  , then
P E =


P E =

Number of outcomes favourable to event E
Number of all possible outcomes of the experiment
n E
n S 

 Note that 0  n  E   n  S 

Here n  E  means ‘number of favourable outcomes of event E’ and n  S means ‘number of all possible
outcomes’ associated with the experiment.
P E =

Also,

n  S  n  E 
n  S
n E



P  E  =1 



P  E  =1  P  E 



P  E  +P  E  =1

n  S

In words, Probability of occurrence of event E + Probability of non-occurrence of event E = 1.
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Also, remember the followings:
 A set of playing cards consists of 52 cards. Here a pictorial description has been added for your
benefit. Though due to some reasons, the image shown here is not colourful, still it is well
elaborative. Have a look:

SET OF 52 PLAYING CARDS

Face Cards

Suit
Clubs
(Black card)

Diamonds
(Red card)

Hearts
(Red card)

Spades
(Black card)

 The probability of a sure event is 1.
 The probability of an impossible event is 0.
 The probability of event E is a number P  E  such that 0  P  E   1 .
 The events E and E are called complementary events.
 The result P  E  +P  E  =1 always holds true for an event E associated with an experiment.
 We always consider the fairly balanced (biased) coins, dice etc.
 We omit the chances of the coin falling on its edges, which may happen if it falls on the sand.
 In our present exploration of probability, we will always assume that all the experiments have
equally likely outcomes.
 The total number of outcomes in n throws of a coin =2n .
 The total number of outcomes in n throws of a die  6n .
Now, we shall be dealing with a few examples here in order to understand about whatever I have told
you in the above lines!

WORKED OUT ILLUSTRATIVE EXAMPLES
Ex01.A coin is tossed once, find the probability of getting (a) Head (b) Tail.
Sol. When a coin is tossed, the sample space is S= H,T  n S   2 .
a) Getting a Head means favourable case is E  H  n  E   1 .
So,

P(getting a Head) 

n E
n S 



1
.
2

b) Getting a Tail means favourable case is E  T  n  E   1 .
So,

P(getting a Tail) 

n E
n S 



1
.
2

Ex02.A die is thrown once, what are the chances of getting (a) an odd number? (b) a prime number? (c) a
multiple of 3?
Sol. When a die is thrown, the sample space is S= 1, 2,3, 4,5, 6  n S   6 .
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a) Getting an odd number means favourable cases are E  1,3,5  n  E   3 .
So,

P(getting an odd number) 

n E



n S 

3
6

1
.
2



b) Getting a prime number means favourable cases are E  2,3,5  n  E   3 .
So,

P(getting a prime number) 


n E
n S 



3
6

1
.
2

 Do you remember that 1 is not considered as a prime number?
c) Getting a multiple of 3 means favourable cases are E  3, 6  n  E   2 .
So,

P(getting a multiple of 3) 


n E
n S 



2
6

1
.
3

Ex03.There are twelve boys and eighteen girls in our class at Mathematical Vidyamandir. One student is to be
selected to take part in a debate competition. Find the probability of selecting (a) a boy (b) a girl.
Sol. In this case, the sample space for boys and girls is S= B1 ,B2 ,B3 ,...,B12 ,G1 , G 2 ,..., G18   n  S  12  18  30 .
a) Selecting a boy means we have 12 choices i.e. n(E) =12.
So, P(selecting a boy) 
b) M1:

12 2
 .
30 5

Selecting a girls means we have 18 choices i.e. n(E) =18.

So, P(selecting a girl) 

18 3
 .
30 5

M2:
Selecting a girl means ‘not selecting a boy’.
So by using Probability of occurrence of event E + Probability of non-occurrence of event E = 1,
2
5

3
5

We have P(selecting a girl) =P(not selecting a boy) =1– P(selecting a boy)  1   .
Ex04.From a well shuffled pack of 52 playing cards, a card is drawn at random. Find the probability that it is a
(a) spade (b) king (c) club (d) black queen (e) red card (f) 4 of diamond.
Sol. There are 52 playing cards, therefore total events =52.
a) There are 13 spade cards in a pack of 52 playing cards. Therefore favourable events =13.
So, required probability =P(spade) 

13 1
 .
52 4

b) There are 4 kings. Therefore favourable events =4.
So, required probability =P(king) 

4
1
 .
52 13

c) There are 13 clubs in a pack of 52 playing cards. Therefore favourable events =13.
So, required probability =P(club) 

13 1
 .
52 4

d) There are 4 queens, 2 red and 2 black. Therefore favourable events =2.
So, required probability =P(black queen) 

2
1

.
52 26

e) There are 26 red and 26 black cards. Therefore favourable events =26.
So, required probability =P(red card) 

26 1
 .
52 2

f) There is only one 4 of diamond out of all 52 cards. Therefore favourable events =1.
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So, required probability =P(4 of diamond) 

1
.
52

Ex05.Two unbiased coins are tossed simultaneously. Find the probability of getting (a) two tails (b) at least one
head (c) no head (d) at most one head.
Sol. If two coins are tossed, then the sample space is S= HH,HT,TH,TT  n  S  4
a)

1
4

Favourable event E= {TT}. So n(E) =1. Therefore, P(two tails) = .

b) Favourable events E= {HH,HT,TH}. So n(E) =3. Therefore, P(at least one head) =
c)

Favourable event E= {TT}. So n(E) =1. Therefore, P(no head) =

3
.
4

1
.
4

d) Favourable events E= {HT,TH,TT}. So n(E) =3. Therefore, P(at most one head) =

3
.
4

Ex06.A bag carries 5 red and 7 white balls. A ball is drawn at random from the bag. What is the probability that it
is a (a) white ball (b) black ball?
Sol. Total no. of balls in bag = 5+7 =12.
a) A white ball can be drawn from the 7 white balls. Therefore, favourable cases =7.
So, required probability = P(white ball) =

7
.
12

b) We see that there are no black balls in the bag. So favourable cases =0.
0
So, required probability = P(black ball) =  0 .
12

Ex07.In a group of three girls, the probability of 2 girls not having the same birthday is 0.876. What is the
probability that the 2 girls have the same birthday?
Sol. As we know that P  E  +P  E  =1 for an event E associated with a random experiment.
Here, Probability of having same birthday + Probability of not having same birthday =1.



P( same birthday )  0.876  1
P(same birthday )  1  0.876  0.124 .

Ex08.A number is selected at random from the numbers 3, 5, 6, 6, 7, 7, 8, 9, 9, 10. Find the probability that the
selected number is their average.
Sol. Sum of all the numbers = 3+ 5+ 6+ 6+ 7+ 7+ 8+ 9+ 9+ 10 =70.
Here n =10.
So,

average =

70
7.
10

Numbers of sevens (7s) in the given data =2.
Therefore, required probability =

2 1
 .
10 5

Ex09.A pair of dice is thrown once. What is the probability of getting the sum of the numbers appearing on the
two dice more than 2?
Sol. Total number outcomes in the single throw of a pair of dice = 62  36 .
Now since, P(sum more than 2) + P(sum not more than 2) =1.
Let x denotes the event that the sum is more than 2.
So,
P( x  2 ) + P( x  2 ) =1.
P( x  2)  1  P( x  2)
...(i )
i.e.,
Now, sum less than or equal to two means, E ={(1,1)}  n  E   1 .
Hence by (i) ,

P( x  2)  1 

1 35

.
36 36

Ex10.What is the probability that in a group of (a) two persons, both will have the same birthday? (b) three
persons, at least two will have the same birthday? (Avoid the case of leap year).
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Sol. a) First person may have any one day of the 365 days as his birthday. Similarly, the second person may also
have any one day of the 365 days as his birthday.
So, total number of ways in which two persons may have their birthdays  365  365  3652 .
The number of ways in which two persons have the same birthday  365 .
Therefore, required probability 

365
1

.
2
365
365

b) Let E: “At least two persons have the same birthday”. Then, E: ”No two or more persons have the same
birthday” i.e. “All the three persons have distinct birthdays”.
P(E) 

365  364  363 364  363

.
3653
3652

Therefore, required probability  1 

364  363
.
3652

Ex11.A die has two faces each with number ‘1’, three faces each with number ‘2’ and one face with number ‘3’.
If the die is rolled once, determine (a) P(2) (b) P(not 3).
Sol. Let A: “Getting 2 one the die” and B: “Getting a 3 on the die”.
3 1
 .
6 2
1
b) P(B)  .
6

a) P(A) 

 P(not 3) = P(B)  1  P(B)  1 

1 5
 .
6 6

Ex12.A coin is biased so that the head is 3 times as likely to occur as the tail. If the coin is tossed twice, find the
probability of the occurrence of tails.
Sol. Let p be the probability of getting a tail, then probability of getting a head will be 3p.
As P(H) +P(T) =1.
So, p  3 p  1  p 

1
.
4
1
4

Therefore, required probability  .

EXERCISE FOR PRACTICE
Q01.

Q02.
Q03.
Q04.
Q05.

Complete the following statements:
a) Probability of an event E + Probability of an event ‘not E’ =_________.
b) The probability of an event that cannot happen is ____ and such an event is called____________.
c) Probability of an event that is certain to happen is _____ and such an event is known as________.
Why tossing of a coin is considered to be a fair way of deciding which team should get the ball at the
beginning of a football game?  Ans.The outcomes Head / Tail are equally likely & result is unpredictable.
A die is thrown once. Describe the sample space. What is the probability of obtaining a number on the
face of it less than 7?
 Ans.{1, 2, 3, 4,5,6}, 6/6  1
Probability of happening of an event is p. What is the maximum and minimum value of p.  Ans.1, 0
Two unbiased coins are tossed simultaneously. Find the probability of getting (a) two tails (b) at least one
head (c) at most one head.

Q06.
Q07.

If P(E) =0.06, what is the probability of ‘not E’?
Rimmi and Rachna are two friends. What is the probability that both will have (a) same birthday (b)
different birthday, ignoring leap year in both the cases?

Q08.

1 3 3

 Ans. 4 , 4 , 4

 Ans.0.94

1 364

 Ans. 365 , 365


A die is thrown once. Find the probability of getting a number (a) less than 3 and (b) greater than 3.
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From a well shuffled pack of playing cards, a card is drawn at random. What is the chance of getting a
2 3
2

 Ans8. 6 , 6 ; Ans9. 52


queen of black colour?
Q10.
Q11.

A bag contains 4 red and 6 black balls. A ball is taken out of the bag at random. Find the probability
of getting a black ball.
 Ans.6/10
Cards bearing numbers 3 to 20 are placed in a bag and mixed thoroughly. A card is taken out from
the bag at random. What is the probability that the number on the card which was taken out is (a) an
even number? (b) an odd number? (c) a perfect square? (d) divisible by 9?

Q12.

9 9 3 2

 Ans. 18 , 18 , 18 , 18


Suppose you drop a die at random on the rectangular region shown in Fig.1, what is the probability that it
0.385

3
 Ans. 40  9.625  10


will land inside a circle of 70cm diameter?
8m

5m
Q13.
Q14.

Fig1
Two friends were born in year 2004. What is the probability that both of them have same birthday?
Two coins are tossed simultaneously. What is the probability of getting exactly one head in this
experiment?

Q15.

1
2

 Ans13. 366 ; Ans14. 4


A bag contains 4 red, 5 black and 6 white balls. A ball is drawn at random. What is the probability that
6 10 10

 Ans. 15 , 15 , 15


the ball drawn is (a) white? (b) not black? (c) red or white?
Q16.

A card is drawn at random from a pack of 52 playing cards. Find the probability that the card drawn
11

 Ans. 13


is neither an ace nor a king.
Q17.

Out of 400 bulbs in a box, 15 bulbs are defective. One bulb is taken out at random from the box. Find the
probability that the drawn bulb is not defective.

Q18.
Q19.

Find the probability of getting 53 Fridays in (a) a leap year (b) a year which is not a leap year.
A card is drawn from a well shuffled pack of 52 cards. Find the probability that the card is neither a red
card nor a queen.

Q20.

77

 Ans. 80


2 1
24

 Ans18. 7 , 7 ; Ans19. 52

From a pack of 52 playing cards, two black kings and two black jacks are removed. From the remaining
cards, a card is drawn at random. Find the probability that drawn card is neither an ace nor a king.
7

 Ans. 8


Q21.

From the numbers 1, 2, 3, …, 35 a number is chosen at random. What is the chance that the number
chosen is a prime number.

Q22.
Q23.

11

 Ans. 35


A bag carries 5 red balls and some blue balls. If the probability of drawing a blue ball from the bag is
thrice that of a red ball, find the number of blue balls in the bag.
 Ans.15
All the three face cards of spades are removed from a well shuffled pack of 52 cards. A card is then
drawn at random from the remaining pack. Find the probability of getting (a) a black face card (b) a
3 3 23

 Ans. 49 , 49 , 49

6
A pair of dice is thrown once. What is the chance of getting the same number on each die?  Ans.
36


queen (c) a black card.
Q24.
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A die is thrown once in an experiment. Find the probability of getting (a) an even prime number
multiple of 3.

Q26.

(b) a

1 2

 Ans. 6 , 6


Cards marked with 5 to 50 are placed in a box and then mixed up thoroughly. A card is drawn from the
box at random. Find the probability that the number on the taken out card is a prime number less than 10.
1

 Ans. 23


Q27.

Two dice are thrown simultaneously. Find the probability that the sum of the two numbers appearing
11

 Ans 27. 12 ; Ans 28.6

on the top is less than or equal to 10.
Q28.
Q29.

A jar contains 18 marbles. Some of them are red and remaining are white. If a marble is drawn at random
from the jar, the probability that it is red is 2/3. Find the number of white marbles in the jar.
The heights of 70 students of class X of some school are given below in the following table:
150
152
155
158
164
168
Height (in cm)
10
14
8
15
7
16
No. of students
Find the probability that a student selected randomly has height of (a) 150cm (b) more than 160cm.

Q30.

The probability of guessing a correct answer to a question in a class test is
guessing correct answer to the same question is

Q31.
Q32.

1
,
3

find the value of p.

If the probability of not

10 23

 Ans 29. 70 , 70 ; Ans30.8


If a number x is chosen from the numbers 1, 2, 3, and a number y is chosen from 2, 4, 12. Find the
probability that xy =10.
 Ans.0
A number x is selected out of the numbers –5, –4, –3, –2, –1, 0, 1, 2, 3, 4, 5. What is the probability that
x 4?

Q33.

p
.
12

7

 Ans. 11


A die is thrown once. Find the probability of getting a number which when divides 125 leaves no
2

 Ans. 6
 Ans.0.3

remainder.
Q34.

The probability of winning a game is 0.7, find the probability of losing it.

Q35.

Two players A and B play a tennis match. It is known that probability of A winning the match is 0.62.
Find the probability of B winning the match.
 Ans.0.38

Q36.

In 1000 lottery tickets there are 5 prize winning tickets. Find the probability of winning a prize if
Hardeep buys a lottery ticket.
 Ans.0.005
Accidentally 12 defective pens are mixed with 132 good ones. It is not possible to just look at a pen and
tell whether or not it is defective. One pen is drawn at random from this lot. Find the probability that the

Q37.

pen drawn is a good one.
Q38.

11

 Ans. 12


A die in the shape of tetrahedron has four faces on which 3, 4, 6 and 8 are written. The die is rolled once.
Find the probability of getting a (a) prime number (b) number less than 6 (c) a number between 4 and 8.
1 2 1

 Ans. 4 , 4 , 4

Q39.

2
Two dice are rolled once. Find the probability of numbers, whose product is a perfect square.  Ans.

Q40.

There are 5 men and 4 women candidates appearing in an interview for filling up one vacant post. Find

9



the probability that a (a) man is selected (b) woman is selected.

5 4

 Ans. 9 , 9

Q41.

A lot of 10 books contains 3 books on Mathematics, 2 books on English and the rest are novels. A book
is selected at random; find the probability that it is not a Mathematics book.
 Ans.0.7

Q42.

A child has a die whose six faces show the letters: A, B, C, D, E, A. The die is thrown once. What is the
probability of getting (a) A? (b) D?
(c) a consonant?
 Ans.1/ 3,1/ 6,1/ 2
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During an experiment, a pair of dice is thrown once. Find the probability that both have the same number
1

 Ans. 6


i.e. doublet?
Q44.

A box carries 12 balls out of which x are black. If one ball is drawn at random from the box, what is the
chance of getting a black ball? If 6 more black balls are put in the box, the chance of drawing a black ball
now becomes double of what it was before. Find the value of x.

Q45.

A card is drawn from a well shuffled deck of playing cards. Find the probability of getting a (a) spade
card (b) red card (c) king (d) black king (e) neither a king nor a queen (f) face card (g) a 4 or 5 (h) a red
card which is not a face card (j) queen of club.

Q46.

1 1 1 1 11 3 2 5 1

 Ans. 4 , 2 , 13 , 26 , 13 , 13 , 13 , 13 , 52

All the kings and queens are removed from a deck of playing cards. A card is drawn from the remaining
cards. Find the probability of drawing a (a) spade card (b) red card (c) king (d) face card (e) jack of clubs
(f) a 6 or an 8 (g) red face card (h) heart.

Q47.

x

 Ans. 12 ,3


1 1
1 1 2 1 1

 Ans. 4 , 2 ,0, 11 , 44 , 11 , 22 , 4

A bag contains 24 balls of which, the number of blue balls is thrice the number of red balls and the
number of white balls is twice the number of red balls. A ball is selected at random. What is the
20 8

 Ans. 24 , 24

probability that it is (a) not red (b) white?
Q48.

A die has its six faces marked as 0, 1, 1, 1, 6, 6. Two such dice are thrown together and the total score is
recorded. (a) How many different scores are possible? (b) What is the probability of getting a total of 7?
11 1

 Ans. 18 , 3

Q49.

A child’s game has 8 triangles of which 3 are blue and rest are red, and 10 squares of which 6 are blue
and rest are red. One piece is lost at random. Find the probability that it is a (a) triangle (b) square (c)
8 10 6 5

 Ans. 18 , 18 , 18 , 18

square of blue colour (d) triangle of red colour.
Q50.

There are 500 sealed envelopes in a box, 10 of them contain a cash prize of Rs.100 each, 50 of them
contains a cash prize of Rs.50 each and 100 of them contain a cash prize of Rs.10 each, and the rest do
not contain any cash prize. If they are all well shuffled and then an envelope is picked up out, what is the
probability that it contains (a) a cash prize of Rs.100? (b) no cash prize?

Q51.

10 340

 Ans. 500 , 500

A letter of English alphabet is chosen at random. Determine the probability that the chosen letter is a (a)
5 21

 Ans. 26 , 26
90
An integer is chosen between 0 and 100. What is the probability that it is not divisible by 9?  Ans.
101


vowel (b) consonant.
Q52.
Q53.

Two dice are thrown once together. What is the probability that the product of numbers on the top of dice
1

 Ans. 9

is 12?
Q54.
Q55.

A die is thrown twice. What is the probability that at least one of the two throws comes up with the
number 4 on its face?
 Ans.11 / 36
Cards with numbers 4 to 105 are placed in a box. A card is selected at random. Find the probability that
the card has (a) an even number (b) a square number.

Q56.

1 3
4 12 24

 Ans55. 2 , 34 ; Ans56. 40 , 40 , 40

All the kings, queens and jacks are removed from a deck of 52 playing cards. The remaining cards are
well shuffled and then one card is drawn at random. If the ace card is numbered as 1, similar values for
other cards, find the probability that the card has a value (a) 7 (b) greater than 7 (c) less than 7.
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A coin is tossed three times. (a) List all the possible outcomes. (b) Find the probability of getting all
heads. (c) Find the probability of getting exactly one head. (d) Find the probability of getting at the most
two head.

1 3 7

 Ans.{HHH,HHT,HTH,THH,HTT,THT,TTH,TTT}, 8 , 8 , 8
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Miscellaneous Problems
Q01.

Q02.

A metallic right circular cone 20cm high and whose vertical angle is 60 is cut into two parts at the
middle of its height by a plane parallel to the base. If the frustum so obtained is melted and drawn into a
wire of diameter 1cm, find the length of the wire.
 Ans.3111.11cm
An open container is in form of a frustum of a cone of height 16cm with radii of its lower and upper ends
as 8cm and 20cm respectively. Find the cost of milk which can completely fill the container at a rate of
Rs.20 per liter. Also find cost of material used to make the container if it costs Rs.8 per 100cm2.

 Ans. Rs.209, Rs.156.75
Q03.

Q04.
Q05.

A container shaped like a circular cylinder having diameter 12cm and height 15cm is full of ice cream.
The ice cream is to be filled in cones of height 6cm and diameter 3cm having a hemispherical shape on
the top of the same radius of base as that of cone. Find the number of such cones that can be filled with
the ice cream.
 Ans.80
A train travels 360km at a uniform speed. If the speed had been 5km/hr more, it would have taken 1hour
less for the same journey. Find the speed of the train.
 Ans.40km / hr
A spherical copper shell of external diameter 18cm is melted and recaste into a solid cone of base radius
3
7

 Ans.16cm

14cm and height 4 cm . Find the inner diameter of the shell.
Q06.
Q07.

Q08.
Q09.
Q10.
Q11.

Two spheres of the same metal weigh 1kg and 7kg. The radius of the smaller sphere is 3cm. The two
spheres are melted to form a single big sphere. Find the diameter of the bigger sphere.
[Self
A metallic solid cylinder has a radius 3cm and height 5cm. It is made of metal P. To reduce its weight a
conical hole is drilled in the cylinder (Fig.1) and it is completely filled with a lighter metal Q. The
conical hole has a radius 3/2cm and its depth is 8/9cm. Calculate the ratio of the volume of metal P to
the volume of metal Q in the solid.
 Ans.135 : 2
2
Two circles touch each other externally and the sum of their areas is 52cm . If the distance between the
centers of two circles is 10cm, find their radii.
 Ans.6, 4 or 4, 6
Find the value of k for which the roots of equation kx 2  10 x  5  0 are equal.

 Ans.5

2

Find the value of p,  p  0  for which the roots of equation 3 x  px  3  0 are real.
 Ans. p  6
2
Sum of the areas of two squares is 468m . If difference of their perimeter is 24m, find the sides of two
squares.
 Ans.12,18

For all your Maths queries, please visit at : www.theOPGupta.com

42

