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Chapter 1

(RELATIONS AND FUNCTIONS)

1.1 Overview

1.1.1 Relation

A relation R from anon-empty set A to anon empty set B is a subset of the Cartesian
product A x B. The set of all first elements of the ordered pairsin arelation R from a
set A to aset B iscalled thedomain of therelation R. The set of all second elementsin
arelation R from aset A to aset B is called the range of therelation R. The whole set
B is called the codomain of the relation R. Note that range is aways a subset of
codomain.

1.1.2 Types of Relations

Arelation Rinaset Aissubset of A x A. Thusempty set ¢ and A x A aretwo extreme
relations.
(i) ArdationRinasetAiscalled empty relation, if no element of A isrelated to any
elementof A,i.e, R=¢ CAXA.

(i) AreationRinasetAiscalled universal relation, if each element of A isrelated
toevery element of A, i.e, R=A xA.

(i) Arelation Rin A issaid to be reflexive if aRa for all ac A, R is symmetric if
aRb = bRa, v a,be A anditissaidto betransitiveif aRb and bRc = aRc

YV a, b, ce A.Any relation whichisreflexive, symmetric and transitiveiscalled
an equivalencerelation.

== Note: An important property of an equivalence relation isthat it divides the set
into pairwise disjoint subsets call ed equivalent classeswhose collectioniscalled
a partition of the set. Note that the union of all equivalence classes gives
the whole set.

1.1.3 Types of Functions
(i) A functionf: X — Y is defined to be one-one (or injective), if the images of
distinct elements of X under f aredistinct, i.e.,
X, X € X, f(x)=f(x)= x =X,
(i) Afunctionf: X —Y issaidtobeonto (or surjective), if every element of Y isthe
image of some element of X under f, i.e., for every y e Y there existsan element
X € X such that f (x) = .
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(iii) Afunctionf: X —Y issaidto be one-oneand onto (or bijective), if fisboth one-
one and onto.

1.1.4 Composition of Functions

() Letf :A— Bandg:B — Cbetwo functions. Then, the composition of f and
g, denoted by g of, isdefined as the functiong o f: A — C given by
gof(x)=g(f(x), v xe A.
@) Iff:A—>Bandg:B — Careoneone then gof:A — Cisalso one-one
(i) ff:A—-Bandg:B — Careonto,thengof:A — Cisasoonto.

However, converse of above stated results (i) and (iii) need not betrue. Moreover,
we havethefollowing resultsin thisdirection.

(iv) Letf:A—>Bandg:B — Cbethegivenfunctionssuchthat gof isone-one.
Then f is one-one.

(v) Letf:A—Bandg:B — Chethegivenfunctionssuchthatgof isonto. Then
gisonto.
1.1.5 Invertible Function

(i) A function f: X — Y is defined to be invertible, if there exists a function
g:Y - Xsuchthatgof=1 andfog=1,. Thefunction giscalled theinverse
of f and is denoted by f .

(i) Afunction f: X —> Y isinvertibleif and only if f isabijective function.

@ 1If f: X >Y,g:Y > Zand h: Z — S are functions, then
ho(gof)=(hog)of.

(iv) Let f:X >Yandg:Y — Z betwo invertible functions. Thengofisaso
invertiblewith (gof)*=f*og™

1.1.6 Binary Operations

() A binary operation = onaset Aisafunction = : A x A — A. We denote » (a, b)
by a b.

(i) A binary operation+ ontheset X iscalled commutative, if ax b=b» afor every
a, be X.

(i) A binary operation = : A x A — A is said to be associative if
(axb)yxc=ax (b*c), forevery a, b, ce A.

(iv) Givenabinary operation* :AxA — A,anelementee A, if it exists, iscalled
identity for the operation », if ax e=a=e* a, v ac A.
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(v) Given abinary operation  : A x A — A, with the identity element ein A, an
dement ae A, issaid to be invertible with respect to the operation «, if there
existsan element bin A suchthat ax b=e=b* aand b iscalled the inverse of
a and is denoted by a™.

1.2 Solved Examples

Short Answer (S.A.)

Example1l LetA={0, 1, 2, 3} and define arelation R on A asfollows:
R={(0,0),(0,1),(0,3).(1,0).(1,1).(2 2, (3,0), (3 3)}.

ISR reflexive? symmetric? transitive?

Solution R is reflexive and symmetric, but not transitive since for (1, 0) € R and
(0, 3) e Rwhereas (1, 3) ¢ R.

Example 2 For theset A ={1, 2, 3}, definearelation R in the set A asfollows:
R={(1,1), (2 2),(3,3),(1,3)}.
Write the ordered pairs to be added to R to make it the smallest equivalence relation.

Solution (3, 1) isthe single ordered pair which needs to be added to R to make it the
smallest equivalencerelation.

Example 3 Let R be the equivalence relation in the set Z of integers given by
R={(a b): 2 dividesa— b}. Write the equivalence class [Q].

Solution [0] ={0,£2,+4,£6,...}

Example 4 Let the functionf: R — R bedefined by f (X) =4x—1, v Xe€ R. Then,
show that f is one-one.

Solution For any two elements X, X, € R such that f (x)) = f (x,), we have
ax —1=4x,-1
= 4 =4x, i.e, X =X

Hence f is one-one.

Example51f f={(5, 2), (6, 3)},9={(2,5), (3, 6)}, writefo g.

Solution fog={(2, 2), (3, 3)}

Example 6 Let f: R — R bethe function defined by f (X) =4x—3 v X e R. Then
write f L,
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Solution  Giventhat f (X) = 4x — 3 =y (say), then

Ix =y+3
_ y+3
= X= 4
+3 +3
Hence i) =," = fig= L7

Example 7 Is the binary operation = defined on Z (set of integer) by
Mm+nNn=m-n+mn ym,n e Z commutative?

Solution No. Sincefor1,2e Z,1x2=1-2+12=1while2+«1=2-1+21=3
sothat 1« 2# 2+ 1.

Example 8If f ={(5, 2), (6, 3)} and g ={(2, 5), (3, 6)}, write the range of f and g.

Solution Therange of f = {2, 3} and the range of g = {5, 6}.

Example91f A={1, 2, 3} andf, g arerelations corresponding to the subset of A x A
indicated against them, which of f, g isafunction? Why?

f={(13).(23). 3 2)}

9={(12),(13), (3, 1}
Solution f isafunction since each element of A in thefirst placein the ordered pairs

isrelated to only one element of A in the second place while g isnot afunction because
1isrelated to more than one element of A, namely, 2 and 3.

Example 10IfA={a, b, c, d} andf={a, b), (b, d), (c, a), (d, ¢)}, show that f is one-
one from A onto A. Find f 2.

Solution f isone-one since each element of A isassigned to distinct element of the set
A. Also, fisonto sincef (A) =A. Moreover, f 1 ={(b, a), (d, b), (a, ¢), (c, d)}.

Example 11 In the set N of natural numbers, define the binary operation » by mx n=
g.c.d(m, n), m, ne N.Isthe operation » commutative and associative?

Solution The operation is clearly commutative since
mx+n=gcd(mn =gcd(nm=n+m ymne N.
It is aso associative because for I, m, n € N, we have
[+ (m=+n)=g.c.d(,g.cd(mn))
=g.cd. (g. c. d (I, m), n)
=(*m)=*n.
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LongAnswer (L.A))

Example 12 In the set of natural numbers N, define a relation R as follows:
v n,me N, nRmif ondivision by 5 each of theintegersn and mleavesthe remainder
lessthan 5, i.e. one of thenumbers0, 1, 2, 3and 4. Show that R isequivalencerelation.
Also, abtain the pairwise disjoint subsets determined by R.

Solution Risreflexivesincefor eacha e N, aRa. R is symmetric since if aRb, then
bRafor a, be N.Also, Ristransitivesincefor a, b, ce N, if aRb and bRc, then aRc.
HenceRisan equivalencerdationin N which will partition the set N into the pairwise
disjoint subsets. The equivalent classes are as mentioned bel ow:

A,=1{5,10,15,20..}
A ={1,6,11,16,21..}
A,={2,7,12,17,22, ..}
A,={3,8,13,18,23, ..}
A,={4,9,14,19,24, ..}
It is evident that the above five sets are pairwise disjoint and

4
A,UA UA,UA UA, = ik:JOAiZN'

X
Example 13 Show that the functionf: R — R defined by f (x) = XZ—H,VXGR , 1S

neither one-one nor onto.
Solution For x,, X, € R, consider
f(x)="1(Xx)

X _ %
= 4l K+l

= X+ X =X, X+ X,
= X%, (%= %) =X,= X%
= X=X 0r XX =1
We note that there are point, x, and x, with x, # x, and f (x,) = f (x,), for instance, if

1 2 2 1
wetake x, =2 and X, = E,thenwehavef(xl) =3 and f (x) = 5 but 2¢§. Hence

fisnot one-one. Also, fisnot onto for if sothenfor leR3xe Rsuchthat f(x) =1
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which gives =1. But there is no such x in the domain R, since the equation

X2 +1
x2—x+ 1 = 0does not give any real value of x.

Example 14 Let f, g : R = R be two functions defined as f (x) = | + x and

g(®)=|q -x v xe R.Then, findfogandgof.

Solution Here f (x) = |X + x which can be redefined as

2xif x>0
F =1 0if x<0

Similarly, the function g defined by g (X) = || —x may be redefined as

0if x>0

909 = {—inf x<0
Therefore, g o f gets defined as :
Forx>0,(gof)(X)=g(f(X)=g(2x) =0
and forx<0,(gof)(X)=g(f(xX)=g(0) =0.
Consequently, we have (gof) (x) =0, v xe R.
Similarly, f o g gets defined as:
Forx>0,(fog) X)=f(g(x)=f(0) =0,
andforx< 0, (fog) (X) =f(g(X)) =f (-2 X) = —4x.

0,x>0
—4x,x<0

ie (fom(@={

Example 15 Let R bethe set of real numbersand f : R — R be the function defined
by f (X) = 4x + 5. Show that f isinvertible and find f 2.

Solution Here the functionf: R — R isdefined asf (X) = 4x + 5=y (say). Then

y-5

Ix=y-5 or XZT.
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Thisleadsto afunctiong: R — R defined as

_¥=5
gy ="
Therefore, (gof) X)) =g(f(X) =g (4x +5)
4x+5-5
= 2 = X
or gof =1,
Similarly (fog) (y) =f(ay)
_ f[y—‘SJ
4
= 4(yT_5j+5 =y
or fog =1,.

Hencefisinvertibleand f =g whichisgiven by

X-=5
f1(x)= “a

Example 16 Let » be a binary operation defined on Q. Find which of the following
binary operations are associative

() a»b=a—-bfora,be Q.

y ab

(i) a*szfora,be Q.

(i) a*xb=a-b+abfora be Q.

(iv) a=b=ab’for a,be Q.

Solution

(i) = isnot associative for if wetakea=1,b=2and c =3, then
(axb)yxc=(1%2)*»3=(1-2)x3=-1-3=—-4and
ar(bxc)=1+(2+3)=1+«(2-3)=1-(-1) = 2.
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Thus (a* b) = c#a=* (b* c) and hence  is not associative.

(i) « isassociativesince Q isassociative with respect to multiplication.

(iii) = isnot associative for if wetakea=2, b =3 and c = 4, then
(@axb)xc=(2+3)«4=(2-3+6)»4=5+x4=5-4+20=21, and
ax(bxc)=2x(Bx4) =2+ (3-4+12)=2+11=2-11+22=13
Thus(a* b)* c# a=* (b c) and hence * is not associative.

(iv) =« isnot associative for if wetakea=1,b=2andc=3,then (ax b) » c =
1*x2x*3=4x3=4x9=36andar(brc)=1+(2+3) =1+ 18=
1x182=324.

Thus(a* b)+ ¢ #a=* (b c) and hence * is not associative.
Objective TypeQuestions
Choose the correct answer from the given four optionsin each of the Examples 17 to 25.

Example 17 Let R be arelation on the set N of natural numbers defined by nRmif n
dividesm. ThenRis

(A) Reflexiveand symmetric (B) Transitiveand symmetric
(C) Equivaence (D) Reflexive, transitive but not
symmetric

Solution The correct choice is (D).

Since n dividesn, v ne N, Risreflexive. R is not symmetric since for 3, 6 € N,
3R 6#6R 3. Ristransitive since for n, m, r whenever nf'mand m/r = n/r, i.e.,, n
dividesmand mdividesr, then nwill devider.

Example 18 Let L denote the set of all straight linesin a plane. Let arelation R be
defined by IRmif and only if | isperpendiculartom v |, me L. ThenRis

(A) reflexive (B) symmetric
(C) trangtive (D) none of these

Solution The correct choice is (B).

Example 19 Let N be the set of natural numbers and the function f : N — N be
definedby f (N) =2n+3 yvne N. Thenfis

(A) surjective (B) injective

(C) bijective (D) none of these
Solution (B) isthe correct option.

Example 20 Set A has 3 elements and the set B has 4 elements. Then the number of
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injective mappings that can be defined fromA to B is

(A) 144 (B) 12

(C 24 (D) 64
Solution The correct choice is (C). The total number of injective mappings from the
set containing 3 elements into the set containing 4 elementsis*P, = 4! = 24.

Example21 Letf: R — R bedefined by f (X) =sinx and g: R — R be defined by
g(X)=x%thenfogis

(A) X*sinx (B) (sinx)?
© sne o 3

Solution (C) isthe correct choice.
Example 22 Let f : R — R be defined by f (X) = 3x— 4. Then f 1 (X) is given by

A XL4 B 1_4
A = B®) 3
(C) 3x+4 (D) None of these

Solution (A) isthe correct choice.

Example 23 Let f : R — R be defined by f (X) = x2 + 1. Then, pre-images of 17
and — 3, respectively, are

Solution (C) isthe correct choicesincefor f*(17)=x=f(X)=17orx*+1=17
= Xx=zx4dor f1(17) ={4,—-4} andforf 1(-3)=x=f(X)=—-3 = x*+1
=—3=x*=—-4and hencef (- 3) = ¢.

Example 24 For real numbers x and y, define xRy if and only if x —y +./2 is an
irrational number. ThentherelationRis
(A) reflexive (B) symmetric
(C) trangtive (D) none of these
Solution (A) isthe correct choice.
Fill in the blanksin each of the Examples 25 to 30.

Example 25 Consider theset A ={1, 2, 3} and R be the smallest equivalencerelation
on A, then R =
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Solution R={(1, 1), (2, 2), (3, 3)}.

Example 26 The domain of the functionf: R — R defined by f (X) = /x> —3x+ 2 is

Solution Herex?—3x+2>0

= X-D)(x-2)=0

= x<lor x>2
Hence the domain of f = (—eo, 1] U [2, )

Example 27 Consider the set A containing n elements. Then, the total number of
injective functions from A onto itself is

Solution n!

Example 28 Let Z be the set of integers and R be the relation defined in Z such that
aRb if a— b isdivisible by 3. Then R partitions the set Z into pairwise
digoint subsets.

Solution Three.

Example 29 Let R bethe set of real numbersand = be the binary operation defined on
Rasaxb=a+b—-ab v a be R. Then, theidentity element with respect to the
binary operation * is .

Solution Oistheidentity element with respect to the binary operation «.

State True or False for the statements in each of the Examples 30 to 34.
Example 30 Consider theset A ={1, 2, 3} and therelationR={(1, 2), (1, 3)}. Risa
transitiverelation.

Solution True.

Example 31 Let A beafiniteset. Then, eachinjective function fromA intoitself isnot
surjective.

Solution False.

Example 32 For setsA, Band C, let f : A — B, g : B — C be functions such that
gofisinjective. Then both f and g are injective functions.

Solution False.

Example 33 For setsA, Band C, let f : A — B, g : B — C be functions such that
gof issurjective. Then gis surjective

Solution True.
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Example 34 Let N be the set of natural numbers. Then, the binary operation x in N
definedasax b=a+b, v a be N hasidentity element.

Solution False.

1.3 EXERCISE

Short Answer (S.A.)

1. LetA={a b, c} andtherelation R be defined on A asfollows:

R={(a a), (b, ¢, (a b)}.

Then, write minimum number of ordered pairs to be added in R to make R
reflexive and transitive.

2. Let D bethe domain of the real valued function f defined by f (x) = /25— x? .
Then, write D.

3. Letf,g:R—R bedefinedby f(x) =2x+1andg(x) =x* -2, yxe R,
respectively. Then, find g of.

4. Let f : R — R bethefunction defined by f (X) =2x—3 v x € R. writef .

5. IfA={a, b, c, d} andthefunctionf={(a, b), (b, d), (c, a), (d, c)}, write f 1,

6. If f :R—>R isdefinedby f (X) =x2—3x + 2, write f (f (X)).

7. Isg={(, 1), (2, 3), (3, 5), (4, 7)} afunction? If g is described by
g (X) = ox + 3, then what value should be assigned to o and .

8. Arethe following set of ordered pairs functions? If so, examine whether the
mapping isinjectiveor surjective.
() {(x, y): xisaperson, y is the mother of x}.
(iN{ (a, b): aisaperson, b is an ancestor of a}.

9. If the mappingsf and g are given by
f={(1,2),(3,5), 4 1)} andg={(2,3), (5 1), (1, 3)}, writefo g.

10. Let C betheset of complex numbers. Provethat themapping f: C — R given by
f(2 =2, v ze C, isneither one-one nor onto.

11. Letthefunctionf: R — R bedefined by f (X) = cosx, v x € R. Show that fis
neither one-one nor onto.

12. LetX ={1,2,3}andY ={4, 5}. Find whether the following subsets of X xY are

functionsfrom X to'Y or not.

0 ={@04. 152465 () g={(14(24 G
@iy  h={(14),(25),(3 5} (iv)  k={(14,(25)}.

13. If functionsf:A - Bandg:B — Asatisfygof=1,, then show that f isone-

one and g is onto.
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14.

15.

MATHEMATICS

Let f: R — R bethefunction defined by f (x) = X R.Then, find

2—cosx
the range of f.

Let nbeafixed positiveinteger. DefinearelationRinZ asfollows. a,b  Z,
aRbif andonly if a—bisdivisibleby n. Show that R isan equivalancerel ation.

LongAnswer (L.A.)

16.

17.

18.

19.

20.

21.

22.

IfA={1,2,3,4}, definerelations on A which have properties of being:

(a reflexive, transitive but not symmetric
(b) symmetric but neither reflexive nor transitive
(c) reflexive, symmetric and transitive.

Let R berelation defined on the set of natural number N as follows:

R={(x¥):x N,y N, 2x+y=41}. Find the domain and range of the
relation R. Also verify whether R isreflexive, symmetric and transitive.

Given A ={2, 3, 4}, B ={2, 5, 6, 7}. Construct an example of each of the
following:

(@ aninjective mapping fromAtoB

(b) amapping from A to B which isnot injective

(c) amapping from B toA.
Give an example of amap

(i) which isone-one but not onto

(ii) which isnot one-one but onto

(iii) whichisneither one-one nor onto.

X—2
LtA=R-{3},B=R —{1}. Let f: A — B be defined by f (x) = )

X A .Thenshow that f ishijective.
Let A =[-1, 1]. Then, discuss whether the following functions defined on A are
one-one, onto or bijective:

@0 & g (i) g(x) = |¥

(i) h(x) x| (iv) k(xX) = x>
Each of thefollowing definesarelation on N:

() xisgreater thany, x,y N

(i) x+y=10,x,y N
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24.

25.

26.

27.
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(iii) Xyissquare of aninteger X,y N

(>iv) X+4y=10 x,y N.

Determinewhich of the aboverelationsarereflexive, symmetric and transitive.
LetA={1, 23, ..9} and R betherelationin A xA defined by (a, b) R (c, d) if
a+d=b+cfor(a b),(c, d)in AxA.Provethat R isan equivalence relation
and also obtain the equivalent class[(2, 5)].

Using the definition, prove that the function f : A — B isinvertibleif and only if
f is both one-one and onto.

Functions f, g: R — R are defined, respectively, by f (X) = x> + 3x + 1,
g (x) =2x-3, find

(i) fog (i) gof (iii) fof (iv) gog

Let » be the binary operation defined on Q. Find which of the following binary
operations are commutative

(i) axb=a-b abeQ (i) axb=a*+b* abeQ
(i) axb=a+ab abeQ (iv) a»b=(@-b? abeQ
Let « bebinary operationdefinedonRbyax b=1+ab, a,be R. Thenthe
operation = is

(i) commutative but not associative
(i) associative but not commutative

(ili) neither commutative nor associative
(iv) both commutative and associative

Objective TypeQuestions

Choose the correct answer out of the given four optionsin each of the Exercises from
28 t0 47 (M.C.Q.).

28.

29.

Let T bethe set of dl trianglesin the Euclidean plane, and let arelation Ron T
be defined asaRb if aiscongruenttob a,be T.ThenRis

(A) reflexivebut not transitive (B) transitive but not symmetric
(C) equivalence (D) none of these

Consider the non-empty set consisting of children in afamily and arelation R
defined asaRb if aisbrother of b. Then R is

(A) symmetric but not transitive (B) transitive but not symmetric

(C) neither symmetric nor transitive (D) both symmetric and transitive
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30.

31.

32.

33.

34.

35.

36.

MATHEMATICS

The maximum number of equivalence relationsontheset A ={1, 2, 3} are

(A) 1 B) 2

(© 3 (D) 5

If arelation Rontheset {1, 2, 3} bedefined by R={(1, 2)},thenRis

(A) reflexive (B) trangitive

(C) symmetric (D) none of these

Let usdefinearelaionRinR asaRbif a>h. ThenR is

(A) anequivalencereation (B) reflexive, transitive but not

symmetric

(C) symmetric, transitive but (D) neither transitive nor reflexive

not reflexive but symmetric.

LetA={1, 2, 3} and consider the relation
R={11),(2 2),(3,3),(1,2),(273),(13)}.

ThenRis
(A) reflexivebut not symmetric (B) reflexivebut not transitive
(C) symmetricandtransitive (D) neither symmetric, nor

trangitive
The identity element for the binary operation = defined on Q ~ {0} as

ab :
ax b=7 a,be Q~{0}is

(A) 1 (B) 0
< 2 (D) none of these

If the set A contains 5 elements and the set B contains 6 elements, then the
number of one-one and onto mappingsfromAtoB is

(A) 720 (B) 120

© o (D) none of these
LetA={1,2,3,..n} and B ={a, b}. Then the number of surjectionsfromA into
Bis

(A) "P, (B) 2n-2

(C 2r-1 (D) None of these
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1
37. Letf:R—>Rbedefinedbyf(x):; xe R. Thenfis

(A) one-one (B) onto
(C) hijective (D) fisnot defined

X
38. Letf:R > Rbedefinedby f(x)=3x*-5andg: R— Rby g(X) = IR

Thengofis
3x° -5 3x* -5
(A) ox*_30x%+26 B) ox*—6x2+26
3x? 3x?
©) i2-a ®) oy i30x2 -2
39. Which of thefollowing functionsfrom Z into Z are bijections?
(A) f(x)=x® B) f(x)=x+2
©C f(x¥=2x+1 (D) f(x)=x2+1
40. Letf: R — R bethefunctionsdefined by f (X) =x®+ 5. Thenf 1 (x) is
1 1
(A) (x+5)3 (B) (x-5)3
1
© (5-x)3 (D) 5-x
41. Letf: A —> B andg: B — C bethe bijective functions. Then (g o f)*is
(A) flog? B) fog
€ g-toft (D) g of
3 _ 3X+2
42 Letf: R- o — R bedefined by f (x) = 5 —3. Then
(A) 1=K B) I*(X¥=-f(x)
1
(©) (fof)x=-x (D) f-l(x)zﬁf(x)

X,if xisrational

43. Letf: [0, 1] — [0, 1] be defined by f (x) = {1—x, i xisirrational
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Then (fof) xis
(A)  constant (B) 1+x
(© x (D) none of these
44. Letf: [2, «0) = R be the function defined by f (x) = X — 4x + 5, then the range
of fis
(A) R (B) [L)
(C)  [4) (B) [5.)

2x-1
45. Let f: N — R bethe function defined by f (X) = - andg: Q > Rbe

3
another function defined by g (X) =x + 2. Then (g of) 5 is

(A) 1 B) 1
7
© 5 (B) none of these
46. Letf: R = R be defined by
2x:x>3
f (X)=4 x*:1<x<3
3x:x<1

Thenf (-1 +f(2) +f(4)is

(A) 9 (B) 14
(© b5 (D) none of these
47. Letf: R > R begivenby f (x) =tanx. Thenf-1 (1) is
T T
(A) 2 (B) {nn+z:neZ}
(C)  doesnot exist (D) none of these

Fill in the blanksin each of the Exercises 48 to 52.

48. Let therelation R be defined in N by aRb if 2a+ 3b=30. ThenR =
49. Let therelation R be defined on the set
A={1234,5 by R={(a b):|a?—b? < 8. Then Risgiven by
50. Let f={(1,2),(3 5,4 Dandg={(2,3),(5 1), (1,3)}. Thengof =——
andfog=
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X
. : f(X)= _
51.Letf: R — R bedefined by T (X) T Then(fofof) (9 = ———
521 f () = (4 — (7Y%, then f3() =

State True or False for the statements in each of the Exercises 53 to 63.

53. LetR={(3,1), (1, 3), (3, 3)} bearelation defined ontheset A={1, 2, 3}. ThenR
issymmetric, transitive but not reflexive.

54. Letf: R — R bethe function defined by f (x) = sin (3x+2) xe R. Thenfis
invertible.

55. Every relation which is symmetric and transitiveis also reflexive.

56. Aninteger missaid to berelated to another integer nif misaintegral multiple of
n. Thisrelationin Z isreflexive, symmetric and transitive.

57.Let A = {0, 1} and N be the set of natural numbers. Then the mapping
f:N—>Adefinedby f(2n-1) =0,f(2n) =1, ne N,isonto.

58.TherelationRontheset A ={1, 2, 3} definedasR ={{1, 1), (1, 2), (2, 1), (3, 3)}
isreflexive, symmetric and transitive.

59. The composition of functionsis commutative.

60. The composition of functionsisassociative.

61. Every functionisinvertible.

62. A binary operation on a set has always the identity element.

- O L ——



INVERSE TRIGONOMETRIC
FUNCTIONS

2.10verview

2.1.1 Inverse function

Inverse of a function ‘f  exists, if the function is one-one and onto, i.e, bijective.
Since trigonometric functions are many-one over their domains, we restrict their
domains and co-domains in order to make them one-one and onto and then find
their inverse. The domains and ranges (principal value branches) of inverse
trigonometric functions are given below:

Functions Domain Range (Principal value
branches)
- T
y = sin'x [-1,1] 55
y = cos™'X [-1,1] [0,m]
T T
= 71 p— J— _,_ - O
y = cosec™'X R- (-1,1) ) {0}
T
y = sec™'X R- (-1,1) [0,7] — 5
4 rtr
y = tan'X R 55
y = cot'x R (0,m)
Notes:

(i) The symbol sin"'x should not be confused with (sinx)'. Infact sin"'x is an
angle, the value of whose sine is X, similarly for other trigonometric functions.

(i) The smallest numerical value, either positive or negative, of 0 is called the
principal value of the function.
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(i) Whenever no branch of an inverse trigonometric function is mentioned, we mean
the principal value branch. The value of the inverse trigonometic function which
lies in the range of principal branch is its principal value.

2.1.2 Graph of an inverse trigonometric function

The graph of an inverse trigonometric function can be obtained from the graph of
original function by interchanging X-axis and y-axis, i.e, if (a, b) is a point on the graph
of trigonometric function, then (b, &) becomes the corresponding point on the graph of
its inverse trigonometric function.

It can be shown that the graph of an inverse function can be obtained from the
corresponding graph of original function as a mirror image (i.e., reflection) along the
liney=Xx.

2.1.3 Properties of inverse trigonometric functions

1. sin™! (sin X) = X : X

2
cos!(cos X) = X : x [0, ]
-T T
tan'(tan X) = X : X€ (7’5)
cot’!(cot X) = X : Xe (O,n)
T
sec”!(sec X) = X : X [0,7]- 3
T n
cosec!(cosec X) = X : X 57 —1{0}
2. sin (sin™! X) = X : X e[-1,1]
cos(cos™ X) =X : x e[-1,1]
tan (tan™! X) = X : x eR
cot(cot! X) =X : x eR
sec (sec™! X) =X : XxeR - (-1,1)
cosec (cosec™! X) =X : XeR - (-1,1)
. 1
3. sin”' —  cosec'X . xeR - (-1,1)
X 9
cos' — sec'X . xeR - (-1,1)
X b
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a1 -1
tan — cot X : x>0
X
=— 1+ cot'X : X<0
4. sin”! (—X) = —sin"'X : X e[-1,1]
cos™! (-X) = m—cos !X : x e[-1,1]
tan™! (—X) = —tan"'X : x eR
cot™! (-X) = m—cot !X : x eR
sec’! (—X) = m—sec'X : X eR —(-1,1)
cosec! (—X) = —cosec'x  : xeR —(-1,1)
_ T
5. sin'X + cos™'X = ) : x e[-1,1]

tan"'X + cot''x = 5 X eR
T
sec!X + cosec!x = ) X e R—[-1,1]
Xy
6. tan’'X + tan’'y = tan”' J_xy @ Xy<lI
X=Y )
tan"'X — tan’'y = tan’! (1 + XyJ’Xy> !
) 2X
7. 2tan'x = sm*l1 3 : -1<x<1
1-x
2tan'X = cos™! > : x>0
I X
2tan"'X = tan™! > -1<x<1
1-x

2.2 Solved Examples
Short Answer (SA.)

3
Example 1 Find the principal value of cos™'X, for x = -
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RE} 3
Solution If cos 2 =0, then cos 6 = -

3
Since we are considering principal branch, 6 € [0, «t]. Also, since By > (0, 0 being in

B3

T
the first quadrant, hence cos™! 5= P

. W
Example 2 Evaluate tan™! SN >

Solution tan™ sin = = tan! (_SIH(EJJ = tan*l(—l) - _T ]
2 2 4

137
Example 3 Find the value of cos™ COS? .

13n i 0 T
Solution cos™ COST = cos™ COS(z’“‘g) = COS COSE

o la

9n
Example 4 Find the value of tan™! tan? .

) On T
Solution tan™ tan? =tan! tan TC+§

(1)) 3

Example 5 Evaluate tan (tan’'(— 4)).
Solution Since tan (tan'X) = X, v X € R, tan (tan''(— 4) = — 4.
Example 6 Evaluate: tan./3 —sec (-2) .
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Solution tan™'\f3 - sec”! (- 2) =tan' /3 [1t — sec 2]

L o \/g
Example 7 Evaluate: S ' cos sin 17

Solution sin”' cos sin'

N|§|

. — n . 71
sin” cos — =sin —
3 2

ol a

Example 8 Prove that tan(cot!X) = cot (tan"'X). State with reason whether the

equality is valid for all values of X.
Solution Let cot'x = 6. Then cot 6 = X

T T
tan ——0 =x tan' Xx=——0
or, > = 5

So tan(cot ' X) =tan@ = cot [g - 6) =cot (g—cot1 X]:cot(tanl X)
The equality is valid for all values of X since tan"'X and cot'X are true for X € R.
Example 9 Find the value of sec (tanl %] .
- T T
Solution Let tan 1%:9 , where 0 E(—E,Ej. So, tanf = %,

4 vy

which gives secO=

2

4+
Therefore, sec (tan1 %j =secO :Ty ‘

Example 10 Find value of tan (cos™'X) and hence evaluate tan cos™ 17

Solution Let cos™'x = 0, then cos 6 = X, where 0 € [0,7]
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\/1—00529 :\/1_ X

Therefore, tan(cos™'X) = tan0 =
cos6 X
) (8)
Hence tan| cos ' — | = 17 -
8
17
-5

Example 11 Find the value of sin 2cot”' 5
I =5 -5
Solution Let cot™ )~V Then coty= TR

. 4 -5
Now sin 2cot™ T, =sin2y

12 -5 . T
= 2sinycosy = 2 % % since cot y<0, so ye E’n

13 13
-120
169
. 71 1 71 4
Example 12 Evaluate €OS Sin 1 sec 3

.1 4 .1 _
Solution cos sin”'— sec’— = cos|sin"' —+cos 13
4 3 4 4

1 L3 1 L
= COS sm — COS COS — —SInm sSimm — SIn Cos —
4 4 4

2 2
1 1 1_3
4 4

35 1J7 31547

7
4 4 16

AW

>
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Long Answer (L.A))

Example 13 P tht2'*1§ t—lﬂ_ﬁ
p rove that 2sin S—an 3l 2

SN
|

3 3 -T
Solution Let sin™ r 0, then sin® = 5 where 6 € |:77

3 3
Thus tan 0 = 1 which gives 0 = tan*lz.
Theref 2sin™! tan™! 17
erefore sin!— — tan! —
’ 5 31
=20t T =2tan'— — t T
=20-tan” o0 =2tan’ - tan o
22 "
_ tan "’ —A; —tan ' — ~ tan %—ta =y
- 31 7 31
16
24 17
-1l _7 31
_ tan ! T
- 2=y
7 31
Example 14 Prove that
cot'7 + cot'8 + cot'18 = cot™'3
Solution We have
cot'7 + cot'8 + cot'18
= tan*ll + ta.n*ll +tan!' — (since cot™! x = tan*ll if x> 0)
7 8 18 X’
11
;Jrg 1 11
tan ! + tan " — .
= Y= —— <
1—1x1 (since X . y 73 1)
7 8
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3.1
_ 3 _ 1 tanl &
= tan ' —+tan ' — = i <
1 T l—ixi (since xy < 1)
11 18
= tan’lﬂ = tan’ll =cot! 3
T s T T 3 T

Example 15 Which is greater, tan 1 or tan™' 1?

Solution From Fig. 2.1, we note that tan X is an increasing function in the interval

-T T T T
[ ) since 1 > n = tan 1 > tan e This gives

272 Y tan x
tan 1 > 1
i
= tanl1>1> —
4 0
= tan 1> 1> tan! (1). o o4 | =2
Example 16 Find the value of
. 12 1
sm( 2tan §)+cos (tan \/5) .

2 2
Solution Let tan’! 3 =X and tan”' /3 =y so that tan X = N and tany = f3.

Therefore, sin( 2tan”' %}Lcos (tan”' NE) )
= sin (2X) + cos 'y
)2
2tan X 3
= 1+tan’ X /1+tan y ‘91 /
12 1 37

13 2 26°
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Example 17 Solve for x

tan ! G__XJZ% tan ! X, X>0
+ X

. . . 1-Xx
Solution  From given equation, we have 2tan! [—]ztanl X

1+X
= Z[tan_ll—tan"1 X} = tan"' X
T -1 T
2| — [=3tan” X —=tan"' X
- 2] o

X:_
= V3

Example 18 Find the values of X which satisfy the equation
sin”! X + sin™! (1 — X) = cos™' X.
Solution  From the given equation, we have

sin (sin”! X + sin™ (1 — X)) = sin (cos'X)
=>sin (sin"! X) cos (sin™! (1 — X)) + cos (sin™! X) sin (sin™! (1 — X) ) = sin (cos™! X)

= Xy/1-(1=X)> + (1=X) 4/1-%* = {1-%?

= X2X=% +/1-X (1=x=1)=0

— x(\/zx—x2 — 1= ):0

=x=0 or X—=X=1-x

N | —

=X=0 or X

T
Example 19 Solve the equation sin"'6X + sin™ 6 /3 x = i)

. . . . T ]
Solution From the given equation, we have sin™' 6X = _E_Sm 63/3 X
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T
= sin (sin™' 6X) = sin (_E_SIH 63 x]

= 6X = — cos (sin! /3 X)

= 6X=—,/1-108x* . Squaring, we get

36x2=1-108x

1
14452 = 1 X=+ —
= = 12

1 1
Note that x=— ) is the only root of the equation as X = ) does not satisfy it.

Example 20 Show that

o T B _1 sino.cosp
2 tan! Jtan—.tan| ——— [r=tan —— X
2 4 2 cosa.+sinf

2tang.tan E—E
1 2 4 2

) _ 12X
Solution L.H.S. = tan™ [smce 2tan ! X = tan 1—2]
1—tan2atan2(n—Bj =X

4 2

B

1-tan—
2

B

1+tan—
2

p

1-tan
2

B

1+tan—
2

2tanE
2

= tan

2

LS

1-tan

2tang .(l—tan2 Bj
2 2

2 2
1+tanBj —tan2g l—tanE
2 2 2

= tan
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2tang 1—tan2E
2 2

-1
= tan

1+tan2E l—tanzg +2tan
2 2 2

2tan kd 1—tan? E
2 2
lthanZg 1+tanZE
= tan~! 2 2
1—tan kd 2tan E
2 " 2
1+tan2g 1+tan2E
2 2
tan”! sina.cosf3
- coso+sinf3 = R.H.S.

Objective type questions

(lthan2 OLJ
2

Choose the correct answer from the given four options in each of the Examples 21 to 41.

Example 21 Which of the following corresponds to the principal value branch of tan™'?

T T
e

T T
© (—gagj—{O}

Solution (A) is the correct answer.

D) (0, m

Example 22 The principal value branch of sec™! is

(4) H ﬂ—{o}

©) (O,m

®) [0, n]—{g}
(D) (—g gj
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Solution (B) is the correct answer.

Example 23 One branch of cos™ other than the principal value branch corresponds to
n 37n 3n
-, — T, 27| ——
(A) [2 2} ®) | ]{2}
© 0, m (D) [2m, 37]

Solution (D) is the correct answer.

. 43n
Example 24 The value of S I(COS(?D is

T I /i
(4) B —- © 15 ® - 15

5

. 40m+3 . 3n
Solution (D) is the correct answer. SIn 1(cos %) = sin 1cos(8n+?j

. 1( 37Tj N (Tt 3nj
sin” | cos — |=sin | sin| ———
5 2 5
.1 . I T
sin"|sin| —||=——
( ( IOD 10°

Example 25 The principal value of the expression cos™ [cos (— 680°)] is

27 =27 34r T
(A) 3 (B) 5 ©) o (D) 9

Solution (A) is the correct answer. cos™' (cos (680°)) = cos™ [cos (720° — 40°)]

21
= cos™! [cos (— 40°)] = cos™! [cos (40°)] = 40° = e

Example 26 The value of cot (sin"'X) is

2 X
() Y ® e




30 MATHEMATICS

1-X
M (D) <

©)

Solution (D) is the correct answer. Let sin! X = 0, then sinf = X

1 1
= cosec = — = cosec’0 = —
X X
1 1-x?
= l+cot?0="—"75 = cotb=
X X

T
Example 27 If tan"'x = — for some X € R, then the value of cot'X is

10
A z B 2n C) — D an
(A) 3 B) = ©) = (D)
T
Solution (B) is the correct answer. We know tan'X + cot'X = PR Therefore
cot'x = r_z
2 10
oeotixe E_E_ 2T
T T s
Example 28 The domain of sin™! 2X is
(A) [0,1] B) [-1,1]
[+

Solution (C) is the correct answer. Let sin"'2X =0 so that 2X = sin 0.
1 1
Now — 1 <sin 0 <1, i.e.,— 1 £2x< 1 which gives _ES XSE.

_ﬁJ |

Example 29 The principal value of sin! ( 5
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2n b4 o 5w
* -5 B) -3 © ® 5

Solution (B) is the correct answer.

.1 —\/g . . T o1 . T T
Sin — |=S1n —SInm— |=—SIn SiIn— |=——
2 3 3 3

Example 30 The greatest and least values of (sin"'X)? + (cos™'X)? are respectively

512 n° T -7
Z and — —and —
(A) 4 an 8 (B) 2 2
2 2 2
e - e
C) —and — D) —andO.
(C) “jand— ) -,

Solution (A) is the correct answer. We have

(sin™'X)? + (cos™'X)? = (sin"'X + cos™'X)* — 2 sin"'X cos™! X

2
T . T .
= 2sin x| =—sin!' x
4 2

n2

2
= T_ nsin! X+2( sin”! X)

_ i ,
- 2 (sin*1 X) —Esin*1 X+n—
2 8

). n Sl [ZF_T 2
Thus, the least value is 2 16 13-? and the Greatest value is 54 +E ,
51

L.e. —.
4

Example 31 Let 6 = sin! (sin (— 600°), then value of 0 is
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T 2
(B) B © (D) S -

w3

(A)

Solution (A) is the correct answer.

sin”'sin —600xi =sin"' sin ~10m
180 3

_sin'| - sin(4n—ﬁJ = sinl(sin&j
3 3
N T . . T T
—sin | sin| t—— | |=sin | sin— |=—
[sn{x-5)) s ()3,

Example 32 The domain of the function y = sin™! (- X?) is
(A) [0,1] (B) (0,1)
©) [FL1] (D) o

Solution (C) is the correct answer. y=sin"' (—X*) = siny=-x
ie. —1<-x<1 (since—1<siny<1)

= 1 >2x>-1
= 0 < xX<1

= |x|s1i.e—1£x£1

Example 33 The domain of y= cos™ (¢—4) is
(A) [3,5]

© [V5.-3]n[5,45]

(B) [0, n]

D) [V5, -VB]u[V3,45]

Solution (D) is the correct answer. Yy =cos” (X¥*—-4) = cosy=x-4
ie. — 1< x¥-4<1 (since—1<cosy<l)

= 3 < xX<5

= 3<|q< J5
o xe[ V3] U [V 5]

Example 34 The domain of the function defined by f (X) = sin"!X + cosx is
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A) [F11] (B) [, m+1]
(©) (~o0,») D) ¢

Solution (A) is the correct answer. The domain of cos is R and the domain of sin™' is

[-1, 1]. Therefore, the domain of cosx + sin"'xis R N [-1,1], i.e., [-1, 1].
Example 35 The value of sin (2 sin™' (-6)) is

(A) 48 (B) -96 ©) 12 (D) sinl1-2

Solution (B) is the correct answer. Let sin™! (-6) = 6, i.e., sin 6 = -6.

Now sin (20) = 2 sinB cos0 =2 (-6) (-8) = -96.

. . T .
Example 36 If sin! X + sin™! y = —, then value of cos™ X + cos™' y is

2
s 2n
(A 5 (B) = € 0 D) 3
T
Solution (A) is the correct answer. Given that sin™ X+ sin! y = 5

heref Efcos’1 X)+ Efcos’1 y)—E
Therefore, > > >

oA

= cos'X + cosly =

a3 a1
Example 37 The value of tan (COS 1§+tan lz) is

19 8 19 3
(A) ry (B) o ©) D (D) 1

43 a1 44 a1
Solution (A) is the correct answer. tan (COS 1§+tan lz) = tan (tan 13"“[311 lzj



34  MATHEMATICS

= tan tan ! 4 1

Example 38 The value of the expression sin [cot™! (cos (tan™ 1))] is

1
A) 0 B) 1 © 5

Solution (D) is the correct answer.
i -1 T ; -1 L sin| sin™' \/z = z
sin [cot™! (cos 4 )] = sin [cot NG I 3 3

1
Example 39 The equation tan™'X — cot'X = tan™' (Ej has

(A) no solution (B) unique solution
(C) infinite number of solutions (D) two solutions

Solution (B) is the correct answer. We have

i T
tan'X — cot™'X = P and tan™'X + cot'X = 3
) 2n
Adding them, we get 2tan"'x = EY
T
= tan’'X= g 1.€., x:\/g.
Example 40 If a<2sin”'X + cos'X <, then
A) a="",p=r B 0
(A) 5 P75 (B) a=0,B=n
-7 3n
©) 0t=7, ﬁ=7 (D) a=0,B=2xn

2
(D) \E
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- T
Solution (B) is the correct answer. We have > < sin! X < )
2 2 S AT L =57,
= 0 < sin'X+ (sin'X+cos'X) <7
= 0 < 2sin'X+ cos'X <@
Example 41 The value of tan® (sec'2) + cot? (cosec™'3) is
(A) 5 (B) 11 ) 13 (D) 15

Solution (B) is the correct answer.

tan® (sec'2) + cot?® (cosec'3) = sec? (sec'2) — 1 + cosec? (cosec!3) — 1
=22 x1+3-2=11.

2.3 EXERCISE

Short Answer (S.A.)

~ Sm _ 13n
1. Find the value of tan : (tan ?)"‘ cos ' (COS ?j .

-1
2. Evaluate cos cos

N5
2

6
3. Prove that €Ot 2_200t713 7,
4 Find the value of tan” L cot™' L tan” sin —
. valu -
NE) 3 2
2n
5. Find the value of tan! (tan 3).

_ (4
6. Show that 2tan™! (-3) = > + tan (?j :
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7. Find the real solutions of the equation

tan” \/X(X+1)+sin"' XX+ :g .
41 _
8. Find the value of the expression sin (2‘[311 1§)+cos(tan ! 2\/5 ) .

s
9. If 2 tan™! (cos ©) = tan™!' (2 cosec 0), then show that 6 = e

where N is any integer.
1 . a1
10. Show that €os| 2tan 7 =sin| 4tan 3/

11. Solve the following equation cos (tan’1 X) =sin [cot1 %) .

Long Answer (L.A))

12. Prove that tan

L1 X I=X
J1I X2 —1=-x

_ . -3
13. Find the simplified form of cos™' gCOSX gsmx ,where xe 471 -

. 8 .43 . 77

14.  Prove that sin'— sin'= sin ' —.
17 5 85
.45 3 , 63

15.  Show that sin”"'— cos' = tan"'—
13 5 16
1 2 ) 1

16 Prove that tan”' — +tan” ==sin" —

| 4 9 NCR

17. Find the value of 4tan™' 1 tan ' L .
5 239
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4_ﬁ 4+\/7

and justify why the other value

1. ,3
18. Show that tan —sin ' =
2 4
is ignored?
19. Ifa,a,a,,...,a, is an arithmetic progression with common difference d, then
evaluate the following expression.

-1 d -1 d -1 d -1 d
tan| tan +tan +tan +...+tan | ——
{ (“aﬁzj (1"'3233] (1+asa4J (Han_lanﬂ'

Objective Type Questions

Choose the correct answers from the given four options in each of the Exercises from
20 to 37 (M.C.Q.).

20. Which of the following is the principal value branch of cos'x?

B
(A) 2 ’ 2 (B) (O: TC)
T
(C) [Oa TE] (D) (05 TC) - E
21. Which of the following is the principal value branch of cosec™'x?
54 H
(A) 2 ? 2 (B) [Oa TC] - 2
[—_n z} [—_n z}
22. If 3tan! X + cot! X = m, then X equals
1
(A) 0 (B) 1 ©) -1 (D) R
33
23.  The value of sin”!  €OS 5 is
A X om 2 2 op =
(A) (B) © 1 O 7
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24. The domain of the function cos™ (2x— 1) is

A)  [0,1] B  [-1,1]
<© (=L (D) [0, ]
25. The domain of the function defined by f (X) =sin! (/X—1 is
@A) [1,2] B) L 1]
©) [0, 1] (D) none of these

.42 _
26.  Ifcos (sm 1§+COS lszo, then X is equal to

1 2
O - ® 3z © 0 O I
27. The value of sin (2 tan"! (.75)) is equal to
(A) 75 (B) 1-5 © 96 (D) sin 1-5
28. The value of €08~ COS? is equal to
TN ® S © 5 O™ 5
1
29. The value of the expression 2 sec! 2 +sin! = s
A z B o C Tn D 1
@ g ® T © - O
4
30. If tan! X + tan’'y = ?, then cot™! X + cot™! y equals
A - B 2n C 3 D
(A) 3 (B) 5 © 5 D) =
in! 28 cos”' L-a tan "’ i
31. If sin 1 a2 1 a2 1 ° where a, X € 10, 1, then

the value of X is

a
A 0 B) 3 € a (D)



32.

33.

34.

35.

36.

37.
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4
The value of cot COS E is

25 3 o 7
N ® = © 3 O™ 3
. _Cosili .
The value of the expression tan B \/g is
A 245 B)  5-2
J5 02
© 5= D) 5 2
{Hint:tangz lcose}
1+cosO
2X

If | x| < 1, then 2 tan™! X + sin”! 1T 2 is equal to

(A)  4tan’' X B) 0 © 5 O =

If costa+cos!'B+cos!y=3n,thena(PB+y+B{y+o)+y(+fp)
equals

(A) 0 B) 1 C) 6 (D) 12

The  number of  real solutions of  the equation

J1+cos2x=~/2 cos™! (cos X)in [g,n} is

(A) 0 B) 1 C) 2 (D)  Infinite

If cos'x > sin'X, then

(A) —<x<1 (B) 0<x<
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Fill in the blanks in each of the Exercises 38 to 48.

1
38. The principal value of cos™ [Ej is

. 3xm
39. The value of sin! (sm?j 1S

40. If cos (tan™' X + cot™ \/3) = 0, then value of X is

1
41. The set of values of sec™ [Ej 1s

42. The principal value of tan™' /3 is

I4n)
43. The value of cos™ COST is

44, The value of cos (sin”! X+ cos™' X), x| <1is
sin”' X+cos ' X 3
45. The value of expression tan > ,when x= > is
2X

46. Ify=2tan! X + sin’! for all X, then <y<

1 X

Xy
1+Xxy
48. The value of cot™ (—x) for all X € R in terms of cot'X is

47. The result tan"'X — tan'y = tan™' ( ] is true when value of Xy is

State True or False for the statement in each of the Exercises 49 to 55.

49. All trigonometric functions have inverse over their respective domains.
50. The value of the expression (cos™ X)? is equal to sec? X.
51. The domain of trigonometric functions can be restricted to any one of their

branch (not necessarily principal value) in order to obtain their inverse functions.

52. The least numerical value, either positive or negative of angle 0 is called principal
value of the inverse trigonometric function.

53. The graph of inverse trigonometric function can be obtained from the graph of
their corresponding trigonometric function by interchanging X and y axes.



54.

55.

INVERSE TRIGONOMETRIC FUNCTIONS

n mn . .
The minimum value of n for which tan™ —>Z, neN | isvalid is 5.
T

.1 T
The principal value of sin™! {COS(SIH IEH is 3

_— T > O

41



Chapter 3

(Matrices )

3.1 0verview

3.1.1 A matrix is an ordered rectangular array of numbers (or functions). For example,

A=

w A X
X W oA

3
X
4

The numbers (or functions) are called the elements or the entries of the matrix.

The horizontal lines of elements are said to constitute rows of the matrix and the
vertical lines of elements are said to constitute columns of the matrix.

3.1.2 Order of a Matrix

A matrix having m rows and n columns is called a matrix of order m x n or simply
m x N matrix (read as an M by N matrix).

In the above example, we have A as a matrix of order 3 x 3 i.e.,
3 X 3 matrix.

In general, an m X n matrix has the following rectangular array :

&, a, ;... a,

& 8p G- Ay , : -
A=la],., =] : ISi<m1<j<ni,je N.

8 8my G- 8,

The element, @, is an element lying in the i*" row and J" column and is known as the
(i, )™ element of A. The number of elements in an m x N matrix will be equal to mn.

3.1.3 Types of Matrices

(i) A matrix is said to be a row matrix if it has only one row.
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(i) A matrix is said to be a column matrix if it has only one column.

(i) A matrix in which the number of rows are equal to the number of columns,
is said to be a square matrix. Thus, an mx N matrix is said to be a square
matrix if m=nand is known as a square matrix of order ‘n’.

(iv) A square matrix B = [b”.]nxn is said to be a diagonal matrix if its all non
diagonal elements are zero, that is a matrix B = [bij]nxr1 is said to be a
diagonal matrix if b, = 0, when i # .

(v) A diagonal matrix is said to be a scalar matrix if its diagonal elements are
equal, that is, a square matrix B = [b”.]nxn is said to be a scalar matrix if

b”. =0, wheni #
b”. =k, when i = j, for some constant k.

(vi) A square matrix in which elements in the diagonal are all 1 and rest are
all zeroes is called an identity matrix.

In other words, the square matrix A = (8] n is an identity matrix, if
a, = 1, when i =jand a; = 0, when i #].

(vii) A matrix is said to be zero matrix or null matrix if all its elements are
zeroes. We denote zero matrix by O.

(ix) Two matrices A = [a,] and B = [bij] are said to be equal if
(a) they are of the same order, and

(b) each element of A is equal to the corresponding element of B, that is,
a, = bij for all i and j.

3.1.4 Additon of Matrices
Two matrices can be added if they are of the same order.
3.1.5 Multiplication of Matrix by a Scalar

If A= (8] n is a matrix and K is a scalar, then KA is another matrix which is obtained
by multiplying each element of A by a scalar k, i.e. kKA = [ka ]
3.1.6 Negative of a Matrix

The negative of a matrix A is denoted by —A. We define —A = (-1)A.
3.1.7 Multiplication of Matrices

The multiplication of two matrices A and B is defined if the number of columns of A is
equal to the number of rows of B.



44  MATHEMATICS

LetA= [a”.] be an m x N matrix and B = [b].k] be an n x p matrix. Then the product of
the matrices A and B is the matrix C of order m x p. To get the
(i, K™ element ¢, of the matrix C, we take the i row of A and k™ column of B,
multiply them elementwise and take the sum of all these products i.e.,

Cik = aIl blk + ai2 b2k + ai3 b3k Tt a'Ir‘l bnk
The matrix C = [Cik]mxp is the product of A and B.
Notes:
1. IfAB is defined, then BA need not be defined.

2. IfA, Bare, respectively m x n, k x | matrices, then both AB and BA are
defined if and only if n=Kkand | =m.

3. If AB and BA are both defined, it is not necessary that AB = BA.

4.  If the product of two matrices is a zero matrix, it is not necessary that
one of the matrices is a zero matrix.

5.  For three matrices A, B and C of the same order, if A = B, then
AC = BC, but converse is not true.

6. A A=A A A.A=A%soon
3.1.8 Transpose of a Matrix

1. IfA=[a]bean mx nmatrix, then the matrix obtained by interchanging
the rows and columns of A is called the transpose of A.

Transpose of the matrix A is denoted by A” or (A"). In other words, if
A=[a],., then AT=[a] .
2. Properties of transpose of the matrices
For any matrices A and B of suitable orders, we have
(i) (ADT=A,
(i) (KA)" = KAT (where K is any constant)
(i) (A+B)T=AT+BT
(iv) (AB)"=BTAT
3.1.9 Symmetric Matrix and Skew Symmetric Matrix
(i) A square matrix A = [a,] is said to be symmetric if AT = A, that is,

a, = &, for all possible values of i and j.
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A square matrix A= [a,] is said to be skew symmetric matrix if AT=—A,
that is &, = —a; for all possible values of i and j.

Note : Diagonal elements of a skew symmetric matrix are zero.

(iii)

Theorem 1: For any square matrix A with real number entries, A+ AT is
a symmetric matrix and A — AT is a skew symmetric matrix.

(iv) Theorem 2: Any square matrix A can be expressed as the sum of a

symmetric matrix and a skew symmetric matrix, that is

Ao (ATAD) (A-AT)
2 2

3.1.10 Invertible Matrices

(i)

If A is a square matrix of order m x m, and if there exists another square
matrix B of the same order m > m, such that AB =BA =1  then, A is said
to be invertible matrix and B is called the inverse matrix of A and it is
denoted by A

Note :

1.

2.
(if)

(iii)

A rectangular matrix does not possess its inverse, since for the products
BA and AB to be defined and to be equal, it is necessary that matrices A
and B should be square matrices of the same order.

If B is the inverse of A, then A is also the inverse of B.

Theorem 3 (Uniqueness of inverse) Inverse of a square matrix, if it
exists, is unique.

Theorem 4 : If A and B are invertible matrices of same order, then
(AB)!' = B'A.

3.1.11 Inverse of a Matrix using Elementary Row or Column Operations

To find A™!' using elementary row operations, write A = IA and apply a sequence of
row operations on (A = IA) till we get, [ = BA. The matrix B will be the inverse of A.
Similarly, if we wish to find A™! using column operations, then, write A = Al and apply a
sequence of column operations on A = Al till we get, I = AB.

Note: In case, after applying one or more elementary row (or column) operations on
A=1A (or A=Al), if we obtain all zeros in one or more rows of the matrix Aon L.H.S.,
then A™! does not exist.
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3.2 Solved Examples
Short Answer (S.A.)

Example 1 Construct a matrix A = [a whose elements a, are given by

u]zxz
a, = €"sin jx.

Solution For i=1,j=1, a, = €% sin X
For i=1,j=2, a, = €% sin 2X
For i=2,j=1, a,, = €% sin X
For i=2,j=2, a,, = €% sin 2X
e¥sinx €*sin2x
Thus A=l e%sinx  e™sin2x
2 3 1 3 2 1 4 6 8
Example2 IfA= 1 2 ,B= 4 3 ] ,C= 5 ,D= 5 7 9 , then

which of the sums A+ B, B+ C, C+ D and B + D is defined?
Solution Only B + D is defined since matrices of the same order can only be added.

Example 3 Show that a matrix which is both symmetric and skew symmetric is a zero
matrix.

Solution Let A= [a,] be a matrix which is both symmetric and skew symmetric.
Since A is a skew symmetric matrix, so A" = —A.
Thus for all i and j, we have a,=-a,. (D
Again, since A is a symmetric matrix, so A" = A.
Thus, for all i and j, we have

g; = 4 )
Therefore, from (1) and (2), we get

a, = -, for all i and |

or 261Ij =0,

ie., a,= 0 for all i and j. Hence A is a zero matrix.
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1 2 X
Example 4 If [2x 3] = O, find the value of x.
-3 0 8

Solution We have
[2x 3] b2 X—O 2X 9 4x X—0
3 0] |8 = 8

or 2% 99X 32x = 0 = 2x% 23x 0

3

or X(2x 23) 0 = Xx=0,x= )

Example5 If Ais 3 x 3 invertible matrix, then show that for any scalar k (non-zero),
.. . I,
KA is invertible and (KA)™ = EA

Solution We have

1 1
(KA) EAI = kg @aan=10=1
1 |
Hence (KA) is inverse of EA or (kA) ! = EA

Long Answer (L.A))

Example 6 Express the matrix A as the sum of a symmetric and a skew symmetric
matrix, where

6
A=

N B \S

4
3 5
2 4

Solution We have

, then A’ =

o BN
(U, S I |
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, 115
4 11 5 0 2 g
AvA 1 10603 = =3 2
Hence 5 :5 5 3 g .,
— 2 4
2 2
3 7
0o — -~
0 3 7 2 3
ALA 1 30 7 =20 =
and == 97 7 9 2 2
2 2 7 7
= — 0
2 2
Therefore,
2 = 0 = 7
2 2 2 20 12 4 6
A+A" A-A" |11
+ +—= — 3 g + é 0 z =7 3 51=A
’ ’ ’ ’ 2 21 2 4
S 3 o,
L 2 1 2 2 |
1 3 2
Example 7 If A = 20 1 , then show that A satisfies the equation
1 2 3
A34A2-3A+111 = O.
1 3 2 1 3 2
Solution A2=AxA= 2 0 1 >x 20 1
1 2 3 1 2 3
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1+6+2 3+0+4 2-3+6
2+0-1 6+0-2 4+0-3
1+4+3 3+0+6 2-2+9

9 7 5

141

8 9 9
975 13 2
and A=A xpa= 1 4 1200
899 12 3

9 14 5 27 0 10 18 7 15
1 8 1 30 2 2 4 3
8 18 9 24 0 18 16 9 27

28 37 26
10 5 1
35 42 34
Now A’ —4A% — 3A + 11(T)
28 37 26 9 75 13 2 1 00
_ |10 5 1| -4|1 4 1|-3|2 0 —1|+11]{0 1 0
135 42 34 8 9 9 1 2 3 00 1

[28-36-3+11 37-28-9+0 26-20-6+0
10-4-6+0 5-16+0+11 1-44+34+0
| 35-32-3+0 42-36-6+0 34-36-9+11
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S O O
S O O
oS O O

2 3
Example8 Let A :[1 2] Then show that A2 — 4A + 71= 0.

Using this result calculate A° also.

_ A2 2 3112 3 1 12
Solution We have T2 2021 2l T2 1 10
aal| 8 12 12|70
4 —g| @ ]

i _| 1=-8+47 12-12+0| |0 O _0
Therefore, A?—-4A+71 44440 1-8+7 1o o]

= A?=4A-T71

Thus A*=AA’=AM4A-T7]) =4 (4A-T])-TA
=16A —281-7A =9A - 28I

and so A’ =AA?
=(9A —281) (4A -]
=36A%—63A—112A + 1961
= 36 (4A —71)— 175A + 1961
=-31A-561

2 3 1 0
=-31 -56
{—1 2} {0 J

C[-118 -93
| 31 -118
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Objective Type Questions
Choose the correct answer from the given four options in Examples 9 to 12.
Example 9 If A and B are square matrices of the same order, then
(A +B) (A-B)isequal to
(A) A?-B? (B) A? - BA - AB - B?
(C) A’-B*+BA-AB (D) A’-BA+B?*+AB

Solution (C) is correct answer. (A + B) (A—-B)=A (A-B) + B (A - B)
=A’-AB +BA-B?

2 3
2 1 3 4 2
Example 10 IfA= and B = , then
4 5 1 1 5
(A) only AB is defined (B) only BA is defined

(C) AB and BA both are defined (D) AB and BA both are not defined.

Solution  (C) is correct answer. Let A = [a],, B= [bij]m‘ Both AB and BA are
defined.

0 0 5
Example 11 The matrix A = 050 isa
500
(A) scalar matrix (B) diagonal matrix
(C) unitmatrix (D) square matrix

Solution (D) is correct answer.
Example 12 If A and B are symmetric matrices of the same order, then (AB” —BA”)
isa
(A) Skew symmetric matrix  (B) Null matrix
(C) Symmetric matrix (D) None of these
Solution (A) is correct answer since

(AB’ -BA’) = (AB’) — (BA"Y
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= (BA’ - AB)
= — (AB’ -BA’)
Fill in the blanks in each of the Examples 13 to 15:

Example 13 If A and B are two skew symmetric matrices of same order, then AB is
symmetric matrix if

Solution AB = BA.

Example 14 If A and B are matrices of same order, then (3A —2B)” is equal to

Solution 3A” -2B’.

Example 15 Addition of matrices is defined if order of the matrices is
Solution Same.

State whether the statements in each of the Examples 16 to 19 is true or false:
Example 16 If two matrices A and B are of the same order, then 2A + B =B + 2A.
Solution True

Example 17 Matrix subtraction is associative

Solution False

Example 18 For the non singular matrix A, (A")! = (A"

Solution True

Example 19 AB = AC = B = C for any three matrices of same order.
Solution False

3.3 EXERCISE

Short Answer (S.A.)

1.  Ifamatrix has 28 elements, what are the possible orders it can have? What if it
has 13 elements?

a 1 X
2 3 Xy

2. Inthe matrix A = , write :
2
0 3
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(1) The order of the matrix A
(i) The number of elements
(i) Write elements a,, &, &,
Construct @, , matrix where

(i 2j)y

L R

) g=12 3
Construct a 3 X 2 matrix whose elements are given by a, = €”sinjx

Find values of a and b if A = B, where

a 4 3b 2a 2 b 2
A= g 4> 8 b sb
3
2

If possible, find the sum of the matrices A and B, where A = 3

Xy
and B = a b
3 1 1 2 1 1
If X= 5 2 3 and Y = 7 2 4 , find
@) X+Y (i) 2X -3Y

(iii) A matrix Z such that X + Y + Z is a zero matrix.

Find non-zero values of X satisfying the matrix equation:

X{zx 2}2{8 51 :2[(x2+8) 24}
3 X 4 4x (10)  6x|"
01 0 1

1 0 - show that (A + B) (A — B) # A> - B*
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10.

11.

12.

13.

14.

15.

16.

17.

18.

MATHEMATICS

Find the value of X if
1 3 2
1x1 23 - 0.
15 3 2 X
5 3
Show that A = 1 2 satisfies the equation A> — 3A — 71 = O and hence

find A",

Find the matrix A satisfying the matrix equation:

4 4 8 4
FindA,ift 1 A= 1 21
3 3 6 3
3 4
11 21 2
IfA= and B = 1 2 4 , then verify (BA)*# B2A2
2 0

If possible, find BA and AB, where

4 1

21 2
A= | 54 .B= 27
12

Show by an example that for A= O, B #0, AB=0.

1 4
240 23
Given A= and B = .Is (AB) =B’A”?
396 13
Solve for x and y:



19.

20.

21.

22.

23.

24.

25.
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2 3 -8
X +y + =0
1 5 -11 :
If X and Y are 2 x 2 matrices, then solve the following matrix equations for X and Y

2 3 2 2

2X+3Y = 4 0 ,3X+2Y = 1 5 -

IfA= 3 5, B= 7 3 ,then find a non-zero matrix C such that AC = BC.

Give an example of matrices A, B and C such that AB = AC, where A is non-
zero matrix, but B # C.

1 2 2 3 1 0 _
If A= 21 > B= 3 4 and C= 1 0 , verify :
(i) (AB)C=A(BC) (ii) A(B+C)=AB+AC.
Xx 0 0 a o0 o0
IfP= 0y o0 and Q = 0 b0 , prove that
0 0 z 0 0 c
xa 0 0
pg= 0 YW 0 _qp
0 0 =z
1 0 1
i 213 P00 A fnda.
0 1 1 1
53 4 12 1
IfA=21,B=876andC= 102,Verifythat

A(B+C)=(AB +AC).
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26.

27.

28.

29.
30.

31.

32.

MATHEMATICS

10 1
fa= 2 1
0 1
matrix.
4 0
0 1 2
IFA= , 5 and B= 1 3
2 6
i (A=A

()  (ABY = B'A’
(i)  (KA)Y = (KA.

1
fa= 4
5

AN = N
~N N =

2
4
3

@) (2A+B) =2A"+B’
(i) (A-BY=A"-B.

Show that A’A and AA” are both symmetric matrices for any matrix A.

Let A and B be square matrices of the order 3 x 3. Is (AB)> = A? B> ? Give

reasons.

, then verify that A>+ A = A (A + 1), where [ is 3 X 3 unit

, then verify that :

, then verify that :

Show that if A and B are square matrices such that AB = BA, then

(A+B)>=A%+2AB + B~

1 2 4

LetA= 1 3

Show that:
(a) A+(B+C)=(A+B)+C
(b) ABC)=(AB)C

anda=4,b=-2.
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34.

35.

36.

37.

38.

39.
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(¢) (a+hB=aB+hB
(d) a(C-A)=aC-aA
(e) (ADT=A

(H) (bA)'=DbAT

() (AB)'=BTA"

(h) (A-B)C=AC-BC
i) (A-B)'T=AT-BT

cos®  sinf c0s20  sin20
= 2 =
IfA=] Sinf  cosd |’ then show that A _sin20  cos26 |-
X 0 1

IfA= 0o > B= 1 and X* = —1, then show that (A + B)*=A” + B~
0 1 1

Verify that A> =1 when A = 4 3 4
3 4

Prove by Mathematical Induction that (A")"= (A")’, where n e N for any square
matrix A.

Find inverse, by elementary row operations (if possible), of the following matrices

. 1 3 ) 1 3
@) 5 7 (i) 2 6
Xy 4 8 w
If = then find values of X, y, zand w.

Z6 Xy 06"

1 5 9 1

IfA= 7 12 and B= 7 8>

find a matrix C such that 3A + 5B +2C is a null

matrix.
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40.

41.

42.

43.

44,

45.

46.

47.
48.
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3 5
If A= 4 9 then find A2 — 5A — 141. Hence, obtain A°.
Find the values of a, b, ¢ and d, if

3ab a 6 4 a b
cd”~ 12d Tcd 3

Find the matrix A such that

2 1 1 8 10
0 A = 1 2 5
3 4 9 22 15
1 2
IfA= 4 1> find A2+ 2A + 71
coso  sina
IfA= . ,and A-!'=A’ find value of o.
—sino,  cosa
0 a 3
If the matrix 2 b 1 is a skew symmetric matrix, find the values of a, band c.
c 1 0
cosX sinX
IfP(x)= —sinX  cosx | then show that

P(X).P()=P(Xx+y)=P(y).P(X.
If A is square matrix such that A> = A, show that (I + A)* =7A + L.

If A, B are square matrices of same order and B is a skew-symmetric matrix,
show that A’BA is skew symmetric.

Long Answer (L.A))

49.

If AB = BA for any two sqaure matrices, prove by mathematical induction that
(AB)"= A" B".
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o1.

52.
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0 2y z
Findx, y,zif A=|x y -—z| satisfiesA"=A"
X -y z

Ifpossible, using elementary row transformations, find the inverse of the following
matrices

2 13 2 3 3 2 0 1
3 23 1 0 1 3
2 3 1
Express the matrix 112 as the sum of a symmetric and a skew symmetric
4 1 2
matrix.

Objective Type Questions

Choose the correct answer from the given four options in each of the Exercises

53 to 67.
0 0 4
53. The matrix P = 040 isa
4 0 0
(A) square matrix (B) diagonal matrix
(®) unit matrix (D) none

4.

55.

Total number of possible matrices of order 3 x 3 with each entry 2 or 0 is
A 9 (B) 27 ©) 81 (D) 512

2x y 4x 7 7y 13

sy 7 4¢ "y x 6

, then the value of X+ y is

A x=3y=1 B) x=2,y=3
€ x=2,y=4 D) x=3,y=3
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56.

57.

58.

59.

60.

MATHEMATICS
sin '(x ) tan' X cos '(x ) tan' X
IfA= ,B = , then
sin! =X cot '(X) sin ! 2 tan '( X)
A — B is equal to
1
A 1 B O <© 2 (D) 51

If A and B are two matrices of the order 3 x mand 3 x n, respectively, and

m = n, then the order of matrix (5A —2B) is

(A)  mx3 (B)3 x 3 (C©)mxn (D)3 xn

0 1
IfA= 0 , then A? is equal to

0 1 0
(A) 0 ®
01 1 0
© 4 D
If matrix A =[a,],  ,, where &, =1 ifi #]
=0if i =]
then A? is equal to
(A) I (B) A ©) 0 (D) None of these
1 00
The matrix 020 isa
0 0 4
(A) identity matrix (B) symmetric matrix

© skew symmetric matrix (D) none of these
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62.

63.

64.

65.

66.
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0 5 8
The matrix > 012 isa
8 12 0
(A) diagonal matrix (B) symmetric matrix

©) skew symmetric matrix (D) scalar matrix

If A is matrix of order m x n and B is a matrix such that AB” and B’A are both
defined, then order of matrix B is

(A) mxm (B) nxn

©) nxm (D) mxn

If A and B are matrices of same order, then (AB'-BA") is a
(A) skew symmetric matrix  (B) null matrix

© symmetric matrix (D) unit matrix

If A is a square matrix such that A2 =1, then (A-T)* + (A +I)* —7A is equal to

(A) A (B) I-A © I+A (D) 3A
For any two matrices A and B, we have

(A) AB=BA (B) AB # BA

©) AB=0 (D) None of the above

On using elementary column operations C, — C, — 2C, in the following matrix
equation

3 1 1 31
24 T o0 1 2 4,wehave:

1 -5 1 1 [3 =5
A o 4= 2 2 |2 0

1 -5] 1 1 [3 =5
B o 4|50 1 |-0 2
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© 2 0 T o0 1 2 4

1 5 1 1 |3 -5
D20 01 |2 0
67. Onusing elementary row operation R, — R, — 3R, in the following matrix equation:

1 2 20
= 0 3 11 , we have :

5 7 1 7 20
(A) 303 "0 3 11
5 7 13
(B) 303 03 1 1

© 303 "1 7 11

4 2 1 2| 2 0
(D) 507 |3 3] 11
Fill in the blanks in each of the Exercises 68—81.
68. matrix is both symmetric and skew symmetric matrix.

69. Sum of two skew symmetric matrices is always matrix.

70. The negative of a matrix is obtained by multiplying it by

71. The product of any matrix by the scalar is the null matrix.
72. A matrix which is not a square matrix is called a matrix.
73. Matrix multiplication is over addition.

74. 1If A is a symmetric matrix, then A® is a matrix.

75. 1If A is a skew symmetric matrix, then A? is a
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76. If A and B are square matrices of the same order, then
(¥ (AB) =
(i) (kKA) = : (k is any scalar)
(i) [k(A-B) =
77. TIf A is skew symmetric, then KA is a . (K is any scalar)
78. If A and B are symmetric matrices, then
(1) AB-BAisa
(i) BA -2ABis a
79. If A is symmetric matrix, then B’AB is

80. If A and B are symmetric matrices of same order, then AB is symmetric if and
only if

81. In applying one or more row operations while finding A™' by elementary row
operations, we obtain all zeros in one or more, then A™!

State Exercises 82 to 101 which of the following statements are True or False
82. A matrix denotes a number.
83. Matrices of any order can be added.

84. Two matrices are equal if they have same number of rows and same number of
columns.

85. Matrices of different order can not be subtracted.

86. Matrix addition is associative as well as commutative.

87. Matrix multiplication is commutative.

88. A square matrix where every element is unity is called an identity matrix.
89. If A and B are two square matrices of the same order, then A+ B =B + A.
90. If A and B are two matrices of the same order, then A—- B =B — A.

91. Ifmatrix AB =0, then A= O or B = O or both A and B are null matrices.
92. Transpose of a column matrix is a column matrix.

93. If A and B are two square matrices of the same order, then AB = BA.

94. If each of the three matrices of the same order are symmetric, then their sum is
a symmetric matrix.
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95. If A and B are any two matrices of the same order, then (AB)" = A’B’.

96. If(AB) =B’ A’, where A and B are not square matrices, then number of rows
in A is equal to number of columns in B and number of columns in A is equal to
number of rows in B.

97. If A, B and C are square matrices of same order, then AB = AC always implies
that B = C.

98. AA’is always a symmetric matrix for any matrix A.

2 3 1

1 4 2 and B =

99. IfA=

[\S R SN

3
> , then AB and BA are defined and equal.
1

100. If A is skew symmetric matrix, then A? is a symmetric matrix.

101. (AB)'=A"". B!, where A and B are invertible matrices satisfying commutative
property with respect to multiplication.

e O L ——



Chapter 4

( DETERMINANTS)

41 Overview

To every square matrix A = [a”.] of order n, we can associate anumber (real or complex)
called determinant of thematrix A, written asdet A, wherea,isthe i, j)th element of A.

a b
If A c d then determinant of A, denoted by |A| (or det A), is given by

A= Pl =adob
||—C d—a—c.
Remarks

(i)  Only sguare matrices have determinants.

(i) Foramatrix A, |A|isread as determinant of A and not, as modulus of A.
4.1.1 Determinant of a matrix of order one

Let A =[a] bethe matrix of order 1, then determinant of A is defined to be equal to a.
4.1.2 Determinant of a matrix of order two

a b
c d

as. det (A) = |A| = ad — bc.
4.1.3 Determinant of a matrix of order three

LetA= [a”.] = [ } be amatrix of order 2. Then the determinant of A is defined

The determinant of amatrix of order three can be determined by expressing it interms
of second order determinants which is known as expansion of a determinant along a
row (or a column). There are six ways of expanding a determinant of order 3
corresponding to each of three rows (R, R, and R,) and three columns (C,, C, and
C,) and each way gives the same value.
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Consider the determinant of a square matrix A = [a,],,,, i.€.,

q; dp a3
|A| A Qp Ay

A 8 agn

Expanding |A| along C , we get

Al =a, (D™

8y & a 8, g
+a, (=1)*

3
833 &y Ay

3 &
+a, (_1)2+1

) 2
p agx 5y

= all(aZZ A — Ay a32) —ay (a12 a — 4, a32) + a, (a12 &y — 8, azz)

Remark In generd, if A = kB, where A and B are square matrices of order n, then
[A|=k"|B|, n=1, 2, 3.

4.1.4 Properties of Determinants

For any square matrix A, |A| satisfies the following properties.

(i)
(if)

(i)

(iv)

(v)

(Vi)

|A’] = |A|, where A’ = transpose of matrix A.

If we interchange any two rows (or columns), then sign of the determinant
changes.

If any two rows or any two columns in a determinant are identical (or
proportional), then the value of the determinant is zero.

Multiplying adeterminant by k means multiplying the elements of only onerow
(or one column) by k.

If we multiply each element of arow (or acolumn) of adeterminant by constant
k, then value of the determinant is multiplied by k.

If elements of arow (or a column) in a determinant can be expressed as the

sum of two or more elements, then the given determinant can be expressed as
the sum of two or more determinants.
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(vii)  If to each element of arow (or acolumn) of a determinant the equimultiples of

corresponding elements of other rows (columns) are added, then value of
determinant remains same.

Notes:

() If all theelementsof arow (or column) are zeros, then the value of the determinant
is zero.

(i) If value of determinant ‘A’ becomes zero by substituting X = o, thenx — o isa
factor of ‘A’.

(iii)  If al the elements of adeterminant above or below the main diagonal consists of
zeros, then the value of the determinant is equal to the product of diagonal
elements.

4.1.5 Area of atriangle
Areaof atriangle with vertices (x,, y,), (X,, ¥,) and (X, y,) is given by

1 X Y
5 X Y
X3 Y3

4.1.6 Minorsand co-factors

() Minor of anelement Y of the determinant of matrix A isthe determinant obtained
by deleting i row and j™ column, and it is denoted by M.

(i) Co-factor of an element a, isgivenby A, = (-1)" M,.

(iii)  Vaueof determinant of amatrix A isobtained by the sum of products of elements
of arow (or a column) with corresponding co-factors. For example

|A| = a]_’L AJ_’L + a12 A12 + a13 A13'

(iv) If elements of arow (or column) are multiplied with co-factors of elements of
any other row (or column), then their sum is zero. For example,

a]_’L'A\21 + a12 A22 + a13 A23 = O
4.1.7 Adjoint and inverse of a matrix

(i) Theadjoint of asquare matrix A =[a ]

ijdnxn

isdefined asthe transpose of the matrix
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[a,],., where A, is the co-factor of the element a,. It is denoted by adj A.

Q; dp a3 An Ay Ay
IfA lay a, ay, thenadi A |A, A,, Ay, whereA,iscofactorof g,.
Qi 8y g3 Az Ayp Ag

(i) A (adj A) =(adj A) A=|A|l, where A is square matrix of order n.

(iiiy A sguare matrix A issaid to be singular or non-singular according as|A| =0 or
|A] # O, respectively.

(iv) If A isasquare matrix of order n, then |adj A| = |A|™™

(v) If Aand B are non-singular matrices of the same order, then AB and BA are
also nonsingular matrices of the same order.

(vi) Thedeterminant of the product of matricesisequal to product of their respective
determinants, that is, |AB| = |A] |B.

(vii) If AB=BA =1, whereA and B are square matrices, then B is called inverse of
A andiswrittenasB =A1 Also B1= (AD)?1=A.
(viii) Asguarematrix A isinvertibleif and only if A isnon-singular matrix.
- . . . . 1 .
(ix) If Aisaninvertible matrix, then A== m (adj A)
4.1.8 System of linear equations
(i) Considertheequations:. ax+b y+c z=d,
ax+by+c,z=d,
a3x+b3y+cgz:d3,

In matrix form, these equations can be written asA X = B, where

a b ¢ X d,
A= & b, ¢, , X yadB d,
a by ¢ z d;

(i)  Unique solution of equation AX =B isgiven by X = A™B, where |A| = 0.
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(iii) A system of equations is consistent or inconsistent according as its solution
exists or not.

(iv) For asquare matrix A in matrix equationAX =B

(@ If |JA]# 0, then there exists unique solution.

(b) If JA|=0and (adj A) B # 0, then there exists no solution.

(c) If JA|=0and (adj A) B =0, then system may or may not be consistent.
4.2 Solved Examples
Short Answer (S.A.)

2x 5 |6 _
Example 1 If 8 8 , then find x.
. 2x 5 |6 5 o
Solution We have 8 x I8 . This gives

2x2-40=18-40 = X =9 = x =%x3.

1 x x° 1 1 1
Example2 If A=1 y Y| A =|yz X x| , then prove that A + A, = 0.
1z 7 X y z
1 1 1
Solution We have ;| |yz zX Xy
X y z

Interchanging rows and columns, we get

1 yz x 1xxyzx
Ll oy ==y 0z ¥’
Xz 2

1 xy z Z xXyz z
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x 1 x°

XyZ 2
= xyz y 1y Interchanging C, and C

2
z 1 7

1 x x°

_CDL oy v -

1 z 7

= A1+A=O

Example 3 Without expanding, show that

cosec®  cot? 1

cot?>  cosec?

=0.
42 40 2
Solution Applying C, - C, - C, - C,, we have
cosec’ —cot® -1 cot® 1 0 cot’d 1
cot? —cosec® 1 cosec® 1 _ [0 cosec®® -1=0
0 40 2 0 40 2

Example 4 Show that =(X—p) O+ px—20°)

o T X
O X ©
X O O

Solution Applying C, — C, - C,, we have

X p pq 1 paq
p X xq (xp|lxgq
0 g x 0 g X
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0 p+x 2q
=(x—-p)-1 x q| ApplyingR, - R +R,
0 q X

Expanding along C , we have

(x p(px X* 29°) = (x p)(X* px 29°)

O baca
Example 5 If a b 0 c b],thenshowthat isequa to zero.
acbc O

0 ab ac
Solution Interchanging rows and columns, we get b a 0 bec
cachbhb O

Taking ‘—~1' common from R, R, and R, we get

O b a c a
(<D3la b 0 c b -
ac b¢c O

= 2 =0 or =0
Example 6 Provethat (A) = (A)?, where A is an invertible matrix.
Solution SinceA isaninvertible matrix, so it isnon-singular.
We know that |A| = |JA’|. But |A|#0. S0 |A’|#0 i.e A”isinvertible matrix.
Now we know that AA* =A7A=1.
Taking transpose on both sides, we get (A™)” A’=A" (A =(1) =1
Hence (A isinverseof A’, i.e, (A")*= (A

Long Answer (L.A))

Example 7 If x=—4 isaroot of = 0, then find the other two roots.

w P X
N X DN
X = W
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Solution  Applying R, = (R, + R, + R,), we get

X 4 x 4 x 4
1 X
3 2 X

Taking (x + 4) common from R , we get

(x 4

w P -
N X B
X B

ApplyingC, - C,-C,C, —» C,-C,, we get

1 0 0
x HY1L x 1 0
3 1 x

Expandingaong R,,

A= X+4)[(x—1) (x=3)—0]. Thus, A=0implies
x=-4,1,3

Example 8 In atriangle ABC, if

1 1 1
1 sinA 1 sinB 1 sinC 0,

sSnA+sin’A  sinB+sin®B  SinC+sin’C
then prove that AABC isan isocelestriangle.

1 1 1
1 snA 1 sinB 1 sinC

sinA+sin?A  sinB+sin’B  sinC+sin’C|

Solution Let A=
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1 1 1

_ |1 snA 1 snB 1 sinC R,—>R, - R,

cos’A  cos’B  cos’C

1 0 0

_ |1 snA snB snA snC sinB .(C,—C,-C,andC,—C,-C)

cos’A cos’A cos’B  cos’B cos’C
Expanding along R, we get
A =(sinB —sinA) (sin’C —sinB) — (sinC —sin B) (sin?B — sinA)
=(sinB —sinA) (snC —sinB) (snC—-sinA) =0
= either SiNnB —sinA =0 or sSinC—sinB or SsnC—-sinA =0
= A=BorB=CorC=A

i.e triangle ABCisisoceles.

3 2 sin3 1
Example 9 Show that if the determinant 7 8 cos2 O,thensine=00r§.
11 14 2

Solution Applying R, — R, + 4R and R, — R, + 7R, we get

3 2 sin3
5 0 cos2 4sn3| O
10 O 2+7sin3

or 2[5(2+ 7sin30) —10 (cos26 + 4sin30)] =0
or 2+ 7sin30 —2c0s20 —8sin30 =0
or 2—-2c0s20 —sn30 =0

sinB (4sin’0 +4sin@ —3)=0
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or sinB=0or (2sin@—1)=0or (2sin@ +3) =0

1
or sin6=00rsin6=§ (Why ?).

Objective Type Questions

Choosethe correct answer from the given four optionsin each of the Example 10 and 11.

Ax x* A B C
Example 10 Let By y* dand , |x y z|, then
Cz 7 zy X Xy
A) A =- B) A=A
(©) A —-A=0 (D) None of these
A B C A X yz
Solution (C) isthe correct answer since 1 |X Y z| =B y X
zy x x| |C z X
2
Ax X2 AX X
L e
=—By ¥ vz =%z Y 7 =aA
xyz 2 Cz 22
Cz z¢2 xyz
COSX sinx 1
Example 11 If X, y € R, then the determinant sinx COSX 1 lies
cos(x y) sn(x y) O
intheinterval
A) V2,42 (B) [-1, 1]
© 2.1 DO) 1 V2

Solution The correct choiceisA. Indeed applying R,— R, —cosyR, + sinyR,, we get
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CoSX  SnX 1
SinX  COSX 1
0 0 siny cosy|

Expanding along R, we have

A = (siny — cosy) (cos?x + sin?X)

1 . 1
— (dinv_ —J2 —siny ——cos
(siny — cosy) NG y NG y

. . ) T
= \/E COSZSIny Slnzcosy = \/E sin (y_z)

Hence —\/2 <A< /2.
Fill in the blanksin each of the Examples 12 to 14.

Example 12 If A, B, C are the angles of atriangle, then
Sn?A  CotA

sin?B cotB A ..
sin’C  cotC

Solution Answer is0. Apply R, > R,-R, R, > R, —R..

J23+V3 5 B
Example 13 The determinant A=/15++/46 5 /10| isequa to ..............

3+J115 V15 5

Solution Answer is 0.Taking /5 common from C, and C, and applying
C,— C,— /3 C, weget thedesired result.

Example 14  Thevaue of the determinant
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sin®23 sin’67  cos180
sin?67  sin?23  cos?180 | ..........
cosl80  sin’23  sin%67

Solution A=0.Apply C, - C, +C,+ C..
State whether the statements in the Examples 15 to 18 is True or False.
Example 15  The determinant

cos(X y) sSin(x y) cos2y
sinx COSX siny
COSX sinx cosy

isindependent of x only.
Solution True. Apply R, - R, +sinyR, + cosy R,, and expand
Example 16  Thevalue of
1 1 1
nCl n+ZCl n+4C
nC2 n+2C2 n+4CZ

Solution True

X 5 2
Example 17 If A 2 y 3 ,xyz =80, 3x+ 2y + 10z = 20, then
1 1 z
81 0 O
Aadi.A 0 81 O

0 0 8

Solution : False.



01
Example 18 If A 1 2
2 3

thenx=1y=-1
Solution True

4.3 EXERCISE
Short Answer (SA)

N N = N

N||—‘N|wl\)|0'l
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Using the properties of determinantsin Exercises 1to 6, evaluate:

X x 1 X
L X 1 X
0 xy? xz°
2 2
3 xy 0 yz
x*z zy> 0
X 4 X
5 X 4
X X X

3x Xy X

X z Yy z 3z

a b c 2a 2a

2b b c a 2b
2c 2c c a b

Using the proprties of determinantsin Exercises 7to 9, prove that:

2.2
V2 yz y z
x> X z X

Xy Xy Xy

0
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a’ 2a 2a 1
2a 1 a 2 (a 1?3

1 cosC cosB

10. If A+ B+ C =0, then prove that cosC 1 cosAl 0
cosB cosA 1

11. If the co-ordinates of the vertices of an equilateral trianglewith sides of length
2
S
‘@ ae(x,y), (%, ¥,), (%, v, then | X2 Y2 4 =7~
Y3
1 1 sin30
12. Find thevalue of 6 satisfying | -4 3 cos20|=0.
7 -7 =2
4 x 4 x 4 X
13. If 4 4 x 4 x 0,thenfind valuesof x.
4 4 x 4 x
14. If a, a, a, .., a are in G.P., then prove that the determinant
&1 &5 &g
&7 &u & isindependent of r.
& 11 &7 &y

15. Show that the points (a+ 5, a—4), (a—2, a+ 3) and (a, a) do not lie on a
straight line for any value of a.

16. Show that the AABC is an isosceles triangle if the determinant



17.

18.

DETERMINANTS 79

1 1 1
A= 1+ cosA 1+cosB 1+cosC |=0.

cos’ A +cosA cos’B+cosB  cos? C+cosC

011 5
) . 4 A° 3l
FindAZif A 1 0 1 andshowthat A >
110
Long Answer (L.A.)
1 2 0
If A=|-2 -1 -2|,findA™
0 -1 1
Using A7, solve the system of |linear equations

19.

20.

21.

22.

X—2y=10,2x— y—-z=8,-2y+z=1.

Using matrix method, solve the system of equations
3X+2y—2z=3, X+2y+32=6,2x-y+z=2.

2 2 4 1 10
Given A 4 2 4,B 2 3 4  findBA andusethistosolvethe
2 1 5 0 1 2

system of equationsy + 2z=7,x—y =3, 2x+ 3y +4z=17.

a b c
Ifa+b+c#0and|b ¢ a=0,thenprovethata=b=c.
c ab

bc a® ca b’ ab ¢
Provethat ca b®> ab ¢® bc a?|isdivisibleby a+ b+ candfind the
ab c® bc a® ca b?

quotient.
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xa yb zc ab c
If x+y+2z=0, provethat [Yc za xbj=xyz|c a b
D xc ya b c

Objective Type Questions (M.C.Q.)

Choosethe correct answer from given four optionsin each of the Exercisesfrom 2410 37.

24.

25.

26.

27.

121 P A thenvalueof i

8 7 3| en value or X 1S
(A) 3 (B) +3
(C) 6 (D)

a-b b+c
b-a c+a b
c—-a a+b c

The value of determinant

A) a+p+c (B) 3 bc
© a®+ b*+ ¢ — 3abc (D) none of these

The area of atriangle with vertices (-3, 0), (3, 0) and (0, k) is 9 sg. units. The
value of kwill be

(A) 9 (B) 3
<G -9 (D) 6

b2 ab b ¢ bc ac

Thedeterminant [ab @®> a b b* abl equals
bc ac ¢ a ab a?

(A)  abc (b=<) (c-a) (a—Db) (B) (b<) (c-a) (a—b)
© (@+b+c)(b-c)(c—a)(a—b) (D) None of these



28.

29.

30.

31.
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SINX COSX COSX

The number of distinct real roots of |{COSX sinx cosX O in the interval

COSX COSX SinX

—%s xs% is
(A) 0 B) 2
© 1 (D) 3

If A, B and C are angles of atriangle, then the determinant

1 cosC cosB
cosC 1 cosA|isequal to
cosB cosA 1

A) 0 | -1
© 1 (D) None of these
cost t 1
. @
Letf ()= |2sint t 2t then {lrfolt—z isequal to
snt t t
A) 0 | -1
© 2 (D) 3
1 1
The maximum val ue of 1 1 sin is(0 isreal number)
1 cos 1
1 NE
A 5 (B) >
243

© 2 ©
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32.

33.

34.

35.

36.

MATHEMATICS

0 x a x b

If f x=(x a 0 X ¢, then
Xxb xc O

(A) f@=0 (B) f(b=0
(© f@O=0 () f@=0

2 3
If A= 0 2 5 | thenAlexistsif

11 3
(A) A=2 (B) A=z 2
(C) Az-2 (D)  None of these
If A and B areinvertible matrices, then which of the following isnot correct?
(A) adi A=|A] A* (B)  det(A)* = [det (A)]*
(C) (AB)!=B*tA" (D) (A+B)'=Btl+A"l

1 x 1 1
If x,y,zaredl differentfromzeroand| 1 1 y 1| 0, thenvaueof
1 1 172
xt+yt+ztis

(A)  xyz B) xtytz!
€ -x-y-z (b -1

X Xy X 2y
Thevalue of thedeterminant [x 2y  x X yl|is
Xy X 2y X

(A) 9 (x+y) (B) 9 (x+y)
© 3y (x+y) (D) 7 (x+y)
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1 2 5
37. Therearetwo values of awhich makesdeterminant, A={2 a =86, then
0 4 24
sum of these number is
(A) 4 B 5
© -4 (D)
Fill intheblanks

38. If Aisamatrix of order 3 x 3, then [3A| =
39. If Alisinvertible matrix of order 3 x 3, then |A~|
2 >t ¢ o’y

2 2
40. If X, ¥, Ze R, then the value of determinant | 3 37 ¥ 3 1is

4 4_’(2 4 4_’(2 1

equal to

0 cosb sinel’

41, 1fcos20 = 0, then |00 sn6 0 | =
sin® 0 cosO

42. If A'isamatrix of order 3 x 3, then (A?)? =
43. If A isamatrix of order 3 x 3, then number of minorsin determlnant of A are

44, The sum of the products of elements of any row with the co-factors of
corresponding elements is equal to

X 3 7
45. If x=—=9isarootof [2 x 2 =0, then other two roots are
7 6 X
0 Xyz X-2
46. y-x 0 vy-272 =
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A+xY  @1+x® (1+x%
47 1f () = |@+x® (1+x® @+x*| = A + Bx + Cx? + ..., then
A+x)" @+x*® @+xY
A = .
State True or False for the statements of the following Exercises:

= 3
48. A= Al , Where A is a square matrix and |A| # 0.

1 _
49. (@A) gA l, where a isany real number and A is a square matrix.

50. [A7Y = |A[, where A is non-singular matrix.

51. If A and B are matrices of order 3 and |A| = 5, |[B| = 3, then
[3AB| =27 x 5 x 3 =405.

52. If thevalue of athird order determinant is 12, then the val ue of the determinant
formed by replacing each element by its co-factor will be 144.

X+1 X+2 X+
53. X+2 X+3 x+b|=0,wherea, b,careinA.P
X+3 X+4 X+cC

54. [adj. A] = |A]?, where A is a square matrix of order two.

sinA cosA SnA+cosB
55.  Thedeterminant |[SiNB  cosA sinB+cosB|isequal to zero.
sinC cosA sSinC+cosB

xa pul f
56. If thedeterminant |y b g v m g| splitsinto exactly K determinants of
ZCcC r+w n h

order 3, each element of which contains only one term, then the value of K is 8.
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p+X a+x a+p
16, then A;=|q+y b+y b+q|=32.
r+2 Cc+z C+r

57. Let

O T Qo
- 0o -
N < X

1 1 1

. . 1
58. Themaximumvaueof 1 (1 sn ) 1 ISE.
1 1 1 cos

e O L ——



Chapter 5

CONTINUITYAND
DIFFERENTIABILITY

5.1 Overview
5.1.1 Continuity of a function at a point

Let f be a real function on a subset of the real numbers and let C be a point in the
domain of f. Then f is continuous at ¢ if

lim f ()= f (c)

More elaborately, if the left hand limit, right hand limit and the value of the function
at X = C exist and are equal to each other, i.e.,

lim f(x) f(c) lim f(x)

then f is said to be continuous at X = C.

5.1.2 Continuity in an interval

(i) fis said to be continuous in an open interval (a, b) if it is continuous at every
point in this interval.

(i) fis said to be continuous in the closed interval [a, b] if

® f is continuous in (&, b)

e lim ) =1f(q

x—a"

e lim fx)=f(b)

x—b"
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5.1.3 Geometrical meaning of continuity

(i) Function f will be continuous at X = C if there is no break in the graph of the

function at the point (c, f(c)).

(i1) In an interval, function is said to be continuous if there is no break in the
graph of the function in the entire interval.

5.1.4 Discontinuity

The function f will be discontinuous at X = a in any of the following cases :
@) Xlg{al f (X) and Xlin; f (X) exist but are not equal.

(ii) Xlg{al f(X) and Xlgg f (X) exist and are equal but not equal to f (a).

(ii)) f (@) is not defined.

5.1.5 Continuity of some of the common functions

Function f (x) Interval in which
— f is continuous
1. The constant function, i.e. f(X) =c
2. The identity function, i.e. f(X) =X R
3. The polynomial function, i.e.
fX=gqx+ax"+.+a x+a
4. |x—al B (o0 ,0)
5. X, nis a positive integer (-0 ,0)— {0}
6. p (X) / g (X), where p (X) and q (X) are R-{x:q(X)=0}
polynomials in X
7. sin X, cos X R
8. tan X, sec X Rf{(2n+1)§:neZ}

9. cot X, cosec X R-{(m:ne Z}
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10. e R

11. logXx (0, o0 )

12. The inverse trigonometric functions, In their respective
ie., sin' X, cos™ X etc. domains

5.1.6 Continuity of composite functions

Let f and g be real valued functions such that (fog) is defined at a. If g is continuous
at a and f is continuous at g (a), then (fog) is continuous at a.

5.1.7 Differentiability
f(x+h)—f(x)
h

The function defined by f’ (X) = ng(l) , wherever the limit exists, is

defined to be the derivative of f at X. In other words, we say that a function f is

f(c+h)y—f(c)
h

differentiable at a point C in its domain if both '}lr(l)l , called left hand

f(c+h)—f(c) : o
f , called right hand derivative,

derivative, denoted by Lf’ (c), and &LI(I)I
denoted by R f” (C), are finite and equal.

(i) The function y = f (X) is said to be differentiable in an open interval (a, b) if
it is differentiable at every point of (a, b)

(ii) The function Yy =f(X)is said to be differentiable in the closed interval [a, b]
if Rf’(a)and L f'(b) exist and f'(X) exists for every point of (&, b).

(iii) Every differentiable function is continuous, but the converse is not true

5.1.8 Algebra of derivatives

If u, v are functions of X, then

CdUEY)  du dv I O
@ "ax dx ~ dx (i) dx dx  dx
du dv

(i) i(ij oM

dx\ v v
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5.1.9 Chain rule is a rule to differentiate composition of functions. Let f = vou. If

t= d both — dy ist th ar_dvodt
= U (X) and bo ix an qt exist then i dt dx

5.1.10 Following are some of the standard derivatives (in appropriate domains)

2

d . 1 d 4 -1
— X) = — X) =
I dx(Sln ) 1-x 2 dx(COS ) 1—-x

1

d -1 d -1 _1
—(tan™'x) = —(cot'x) =
3 dx(an ) 1+ X 4 dx(CO )

1+ %

d 4
—(cosec” X) = X >1
6. dX( ) |

-1
XV —1 ,
5.1.11 Exponential and logarithmic functions

(i) The exponential function with positive base b > 1 is the function
y=f(X) = b* Its domain is R, the set of all real numbers and range is the set
of all positive real numbers. Exponential function with base 10 is called the
common exponential function and with base eis called the natural exponential
function.

(ii) Let b> 1 be a real number. Then we say logarithm of a to base b is X if b*=a,
Logarithm of a to the base b is denoted by log, a. If the base b= 10, we say
it is common logarithm and if b = €, then we say it is natural logarithms. logX
denotes the logarithm function to base €. The domain of logarithm function
is R*, the set of all positive real numbers and the range is the set of all real
numbers.

(iii) The properties of logarithmic function to any base b> 1 are listed below:

1. log, (Xy) = log, X+ log, y

X
2. log, [;j = log, x—log,y
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3. log, X"= nlog, X

log. x
4. logbleog—cb , where ¢ > 1
C

1

log, b
6. log b= 1andlog 1=0

5. log, X

d
(iv) The derivative of € w.r.t., X is €, i.e.&(ex) €". The derivative of logx

w.I.t., X 18 o 1.€. dx g X

5.1.12 Logarithmic differentiation is a powerful technique to differentiate functions
of the form f (X) = (u (X))'™, where both f and U need to be positive functions
for this technique to make sense.

5.1.13 Differentiation of a function with respect to another function

Let u=f(x) and v= g (X) be two functions of X, then to find derivative of f(X) w.r.t.

du
to g (X), i.e., to find ——, we use the formula

av’
du
du_dx
dv dv.
dx

5.1.14 Second order derivative

d dy d’y
dx dx  dx®
y, , if y=1f(x).
5.1.15 Rolle’'s Theorem

is called the second order derivative of y w.r.t. X. It is denoted by Y or

Letf:[a, b] R be continuous on [a, b] and differentiable on (&, b), such that f (a)
= f (b), where a and b are some real numbers. Then there exists at least one point C in
(a, b) such that f” (c) = 0.
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Geometrically Rolle’s theorem ensures that there is at least one point on the curve
y = f (X) at which tangent is parallel to X-axis (abscissa of the point lying in (&, b)).

5.1.16 Mean Value Theorem (Lagrange)
Letf:[a,b] R bea continuous function on [a, b] and differentiable on (&, b). Then

f(b) f(a)

there exists at least one point € in (&, b) such that f” (¢) = b a

Geometrically, Mean Value Theorem states that there exists at least one point C in
(&, b) such that the tangent at the point (C, f (C)) is parallel to the secant joining the
points (a, f (a) and (b, f (b)).

5.2 Solved Examples
Short Answer (SA.)

Example 1 Find the value of the constant K so that the function f defined below is

1—-cos4x
8x*
K, x=0

continuous at X = 0, where f(X)= JX#0

Solution Tt is given that the function f is continuous at X = 0. Therefore, }(1_)m0 f(x)="1(0)

1—cos4x
= im—e
I 2sin22X_k
= xl—r}g 8)(2 -
. 2
- lim sin 2X _k
X—0 2X
= k=1

Thus, f is continuous at X =0 if k= 1.
Example 2 Discuss the continuity of the function f(X) = sin X . cos X.

Solution Since sin X and cos X are continuous functions and product of two continuous
function is a continuous function, therefore f(X) = sin X. cos X is a continuous function.
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X’ + X —16X+ 20 D
Example 3 If f(X)= (x-2)? ’ is continuous at x = 2, find
k , X=2

the value of k.
Solution Given f (2) = k.

X 4+ X2 —16X+20

(x-2)*

Now, lim f(X)=lim f (X)= lin}
X—2" x—2" X

2
_ g X2
x 2 (X=2)
As f is continuous at X = 2, we have
ling f(x)=1(2)
= k=17.
Example 4 Show that the function f defined by

lirrzl(x 5) 7

XSinl X#0
f(x) = X’
0, x=0

is continuous at X = 0.
Solution Left hand limit at X= 0 is given by

. . .1 1
lim f(X)= lim Xsin— = 0 [since, —1 <sin— < 1]
X0 X0 X X

. . 1
Similarly lim f(x) lim xsin— 0. Moreover f (0) = 0.
Thus thgl f(x) thgl f(X)  f(0) Hence fis continuous at x= 0

1
Example 5 Given f(x) = 1 Find the points of discontinuity of the composite

function y = f [f(X)].

Solution We know that f(X) = I is discontinuous at X =1

X_
Now, for x 1,
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{ 1 x—1
fdx) =f 1 =%71 2-X

which is discontinuous at X =2.
Hence, the points of discontinuity are X=1 and X = 2.

Example 6 Let f(x) = X|X, for all X e R. Discuss the derivability of f(x) at X =0

f 0 X2, if x>0
Solution Wi ite f =
uti (] may rewrite 1 as —ijif X <0
J— —_ 2 —_
Now Lf’ (0) = 1imf(0+h) 1:(O)zlim h O:Iim—hzo
h—0" h h—0" h h—0"

FO+N—fO _ o W0 ho

h h—0" h h—0"

Now Rf” (0) = &11})1

Since the left hand derivative and right hand derivative both are equal, hence f is
differentiable at X = 0.

Example 7 Differentiate ,/tan/x W.I.t. X
Solution Lety= /tan~/x - Using chain rule, we have

dy 1
- — —(tan \/_ X)
dx 2 tan\/_ dx

——sec’ \/_—(\/_)

2 tan\/;

———(sec’ I)

2+/tan f \/7

(sec’ &)
- 4xJtan/x

Example 8 If y = tan(x +y), find %

Solution Given y = tan (X + y). differentiating both sides w.r.t. X, we have
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% sec® (X y)%(x )

dy
= 1 —
sec? (X +Y) ax

or [l-—sec2(X+YVY] (;—di= sec2 (X +Y)

dy sec’ (X Y) )
Therefore, dx 1 sec’(x V) X y) = — cosec” (X +Y).

Example 9 If e+ & = e, prove that

ﬂz_ey_x
dx )
Solution Given that & + & = €, Differentiating both sides w.r.t. X, we have
e+ eyﬂ —eg+y 1 Q
dx dx
or e eX+V)ﬂ = eV e
dx
o dy e 7V-¢e €& & ¢ v x
whichimpliesthat 0 v & & & e
oy LX) L L
Example 10 Find dX,lfy—tal’l -3¢ 5 5
_ - T
Solution Put X = tan , where o <0< P
L 3tan@—tan’ O
Therefore, y = tan 1—3tan’0
=tan! (tan3 )
— — 3 —
3 (because ) ) )

= 3tan"'x
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3
= 1 X2 .

gle

Hence,

Example 11 Ify =sin! Xv1 X \/;\/1 X and 0 <x< 1, then find %

Solution We have y =sin”" Xv1 X Ixyl % , where 0 <x< 1.
Put X = sinA and \/x =sinB
Therefore, y=sin"' sinAvl sin’B sinBy1 sin® A

=sin”' sinAcosB sinBcosA

=sin' sin(A B) =A-B

Thus y=sin"' X~ sin’ /x
Differentiating w.r.t. X, we get
1 1
% 2 2 di Jx
X \/ I x \/1 Jx %
1 1

=1 ¢ 2Jx1 x-

Example 12 If x=asec® andy=atan’® , find % at 3

Solution We have x=asec® andy = a tan’
Differentiating w.r.t. , we get

% 3asec’ di(sec ) 3asec’ tan

d
and (;—d)(;=3atan2 O%Oan 0)=3atan’ Osec’ 0 .
dy

dy d 3atan’ sec’  tan

- sin
Thus  dx dX 3asec® tan sec
d
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log X
dx (1 logx?*
Solution We have ¥ = €7, Taking logarithm on both sides, we get

Example 13 If ¥ = &7, prove that

ylogx=x-y
= y (1 +logXx)=X
. X
1.€. Y= log X

Differentiating both sides w.r.t. X, we get

1
11 1 —
dy (I logx).1 x X log x

dx (1 logx)* (1 logx)’ '

d?y cos X
Example 14 If y= tanx + secX, prove that e A sinx)?

Solution We have y = tanx + secX. Differentiating w.r.t. X, we get

— = sec?X + secX tanX

dx

1 sin X 1 sinXx 1+sin X
cos’x cos’x  cos’x  (I+sinx)(I-sinXx) "

dy 1
thus A l—sinx:

Now, differentiating again w.r.t. X, we get

d’y — —cosX cos X
2

A (1-sinx)> (1-sinX)’

3
4

Example 15 If f (X) = |cos X|, find T’



CONTINUITY AND DIFFERENTIABILITY 97

Solution When 5< X < T, cosX < 0 so that |cos X| = —cos X, i.e., f (X) =— cos X
f’ (X) =sin Xx.
1

3
Hence, f’ vy = sin 37 =\/§

Example 16 If f (X) = |cos X — sinx]|, find f’ 5

. T . . .
Solution When 0 <x < Z’ cos X > sin X, so that cos X —sin X > 0, 1.e.,

f (X) = cos Xx—sin X
f’ (X) =— sin X — cos X

Hence f”’ i sing —cos ¢ = —%(1+\/§) .

Example 17 Verify Rolle’s theorem for the function, f(xX)=sin 2xin 0 5
Solution Consider f (x) = sin 2xin 0, 5 Note that:

(1) The function f is continuousin 0, = | as f is a sine function, which is

b 2 )
always continuous.

T
(i) f’(X) = 2cos 2x, exists in 0, 5 hence f is derivable in (035).

(iit) f(0)=sin0=0and f =sinn=0=f0)=f 7 .

2 2

Conditions of Rolle’s theorem are satisfied. Hence there exists at leastonece 0, —

2
such that f ’(c) = 0. Thus

2cos2c=0 = 2C=E = C:Z'
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Example 18 Verify mean value theorem for the function f (X) = (X —3) (X—6) (X—9)
in [3, 5].

Solution (i) Function f is continuous in [3, 5] as product of polynomial functions is a
polynomial, which is continuous.

(i) f’(x)=3x*—36x+ 99 exists in (3, 5) and hence derivable in (3, 5).

Thus conditions of mean value theorem are satisfied. Hence, there exists at least one
c € (3, 5) such that

IO
53
8
=>3czf36c+99=7=4
13
-6 =
= C 3

13
Hence C 6 \/; (since other value is not permissible).

Long Answer (L.A.)
J2cosx 1

= —’ X -
Example 19 If f (X) coix 1 4
find the value of f 7 S0 that f (X) becomes continuous at X = 1
_ ) V2cosx 1 x —
Solution Given, f (X) = Tooix 1 0 4

. . 2cosx 1
Therefore, imi 9 lim

« — cotx 1
4 4

(\/Ecos X— l)sin X
_ lim

X—’E COs X—sin X

V2cosx 1 ~2cosx 1 cosX sinX

lim . - . - .sin X
« - J2cosx 1 c€osX sinX cosX sinX
4




CONTINUITY AND DIFFERENTIABILITY 99

) 2cos’ X—1 cosX+sinX , .
lim —————. (sinx)
T x5 €os” X—sin” X +/2cosX+1

4

. COS2X [ cosX+sinX )
lim . .(sm X)
Hg cos2X \/Ecos X+1

. cosX sinX |
Im——=—sin X
~ X 5 \/Ecosx 1

N | —

-
sl
— ﬁ\‘*‘

1
2

lim f(x) +
. 2
4

Thus,

m) 1 T
If we define f [Zj :E , then f (X) will become continuous at X :Z . Hence for f to be

continuous at X Z’ f Z %

1

Ll,if X 0
Example 20 Show that the function f given by f () l

0, ifx 0

is discontinuous at X = 0.

Solution The left hand limit of f at x= 0 is given by

lim f li
xlrgl (X) xlr%Jl 1 01
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!
. el
Similarly, Jp T00 T
e 1
1
- B
. ex 1 x
Jim—S gyl 19
- 1 — ~xo — 10
1 I ex
eX

Thus lim f(x)lim f (
X—

X), therefore, lim f (X) does not exist. Hence f is discontinuous
x—0" X—0
at X=0.

1 00254)(,if % 0
X

Example 21 Let f (X) .

Lif x 0
Jx

,ifx 0
16 Jx 4

For what value of a, f is continuous at X = 0?
Solution Here f (0) = a Left hand limit of f at 0 is

lim f(x) lim —%4X
X 0 X 0

im 2sin” 2x
NG x 0 2
. 2
lim 8 sin2X —s(1)p=%.
2x 0

and right hand limit of f at 0 is

lirgl f(x) lim L

X

x 0. J16 Jx 4

. Jx(16 Vx 4)
_ lim
0 (16 Vx 416 Vx 4)
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JX16 VX 4)
lim lim \16 /x 4 8
x 0 16 Jx 16 x 0
Thus, thgl f(x) )}11{)1 f(X) 8.Hence fis continuous at x=0 only ifa=8.
Example 22 Examine the differentiability of the function f defined by
2x 3,if 3 X 2

f(x) x 1,if 2 x 0

X 2 ,if0 x 1

Solution The only doubtful points for differentiability of f (X) are x=—2 and x=0.
Differentiability at X = — 2.

. f(2 h f2
Nowa’(72)=r}mél ( ; )
- lim 22 32D 1im2—h lim2 2
h 0 h ho h ho
. (2 h fE2
and Rf’(—2)=hllr101 ( f)l 2)
:hm—z h1l (21
h o h
= lim—h L)) 1imD 1
h o h h 0 h

Thus Rf 7 (-2) # L f ’ (-2). Therefore f is not differentiable at X = — 2.
Similarly, for differentiability at Xx=0, we have
f(0 hy f(0)
h
- 0 h1 (0 2

=l
h o h

L (f/(0)= lim

zlimu lirnll
h o h h o

which does not exist. Hence f is not differentiable at X = 0.
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N

with respect to cos?  2XV1 X’ , Where

Example 23 Differentiate tan™! y

X —,1
V2
1 X 5
Solution Let u = tan™ X and v=rcos' 2xvl X" .
du
du dx
We want to find dv  dv
dx
1 x T T
Now u = tan™! N Put X = sin@. | <0< |,
4
1 sin
Then u=tan'! . = tan’!' (cot 0)
sin
T T
=tan! stan| ——0 |r=——-0 — 1
tan { (2 )} 5 s X
% 1
Hence gy 1 52

Now v=cos' (2X /1 x*)
=5 sin” (2X 1 x*)

=5 sin”! (2sin® J1-sin’0)= g—sin_1 (sin20)

_sin"! {sin (T—20)} [since g <20<n]

2
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- 2) — 2
2 ( ) 2
= V= 7+2sin*1x
av 2
= dX 1 X2 :
du -1
du_ax_Vi-x _-1
Hence dv dv 2 2
dx  J1-x

Objective Type Questions

Choose the correct answer from the given four options in each of the Examples 24 to 35.

sin X

cosXif X 0

Example 24 The function f (x) = X
k ,ifx 0

is continuous at X = 0, then the value of K is
(A) 3 (B) 2
(©) 1 (D) 1.5
Solution (B) is the Correct answer.

Example 25 The function f (X) = [X], where [X] denotes the greatest integer function,
is continuous at

A) 4 B -2

©) 1 (D) 1.5
Solution (D) is the correct answer. The greatest integer function[X] is discontinuous
at all integral values of X. Thus D is the correct answer.

1

X—[X] 1s not

Example 26 The number of points at which the function f (x) =

continuous is
A) 1 B) 2
©) 3 (D) none of these
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Solution (D) is the correct answer. As X — [X] = 0, when X is an integer so f (X) is
discontinuous for all xe Z.

Example 27 The function given by f (X) = tanX is discontinuous on the set

(A) n:n Z (B) 2n :n Z

n
(@) (2n I)E:n Z (D) 7:n Z

Solution C is the correct answer.
Example 28 Let f (X)= |cosX|. Then,
(A) f is everywhere differentiable.

(B) f is everywhere continuous but not differentiable atn=nm, n Z.

n
©) f is everywhere continuous but not differentiable at X = (2n + 1)5 ,

neZz.
(D) none of these.
Solution C is the correct answer.
Example 29 The function f (X) = [X| + |[x — 1] is
(A) continuous at X =0 as well as at x=1.
(B) continuous at X =1 but not at Xx=0.
©) discontinuous at X =0 as well as at x= 1.
(D) continuous at X =0 but not at x=1.
Solution Correct answer is A.
Example 30 The value of k which makes the function defined by

! .
¢ sin—, ifx 0
() X , continuous at Xx= 0 is
k ifx 0
A) 8 ®) 1
< -1 (D)  noneofthese

o1 .
Solution (D) is the correct answer. Indeed }(I_I)r(l) Sln; does not exist.

Example 31 The set of points where the functions f given by f (X) = |[Xx — 3| cosX is
differentiable is
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A) R B) R-{3}

© (0, o0) (D) none of these
Solution B is the correct answer.
Example 32 Differential coefficient of sec (tan'X) w.r.t. X is

X X
(A fiex B) e
1

(C)  xJ1+X (D) W

Solution (A) is the correct answer.

2X gl 2X du
5 |and v= tan , then —Vis

Example33 Ifu= sin”! (

1+ X 1-x2 d
1 1-x
(A) ) (B) X ©) Ll (D) 1

Solution (D) is the correct answer.
Example 34 The value of ¢ in Rolle’s Theorem for the function f (X) = € sinx,

X e[0,m]is

N om e F o 3T
W e ® o, © 5 ™ 5
Solution (D) is the correct answer.

Example 35 The value of ¢ in Mean value theorem for the function f (X) = X (X —2),
xe [1,2]is

N 2 o® 2 © = by 2
@w 3 ® 5 © 5 (D)
Solution (A) is the correct answer.
Example 36 Match the following
COLUMN-I COLUMN-I1
sm3x’i Fx 0

(A) Ifafunction f(x) X (@) ¥

—, ifx 0

2

is continuous at X = 0, then K is equal to
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(B) Every continuous function is differentiable (b) True

(C) An example of a function which is continuous (c) 6
everywhere but not differentiable at exactly one point

(D) The identity functioni.e. f (X)=X VXeRisa (d) False
continuous function

Solution A — ¢, B — d, C—oaDb-=b

Fill in the blanks in each of the Examples 37 to 41.

Example 37 The number of points at which the function f (X) = ﬁ is

discontinuous is
Solution  The given functlon is discontinuous at X =0, = 1 and hence the number of
points of discontinuity is 3.

ax+1if x>1

. is continuous, then a should be equal to
x+2if x<1

Example38If f (X)={
Solution a=2
Example 39 The derivative of log, X w.r.t. X is

1
Solution (log,ye );

Example 40 If Y =sec™ ol ] X _th ¥, 1t
Xa.mpe \/__ \/_+1 cn d 1S equa 0

Solution 0.

Example 41 The deriative of sin X w.r.t. cos X is

Solution — cot X

State whether the statements are True or False in each of the Exercises 42 to 46.

Example 42 For continuity, at X= @, each of Xllgl f (¥ and Xll)n; F(x) is equal to f (a).
Solution True.

Example 43y = [x— 1] is a continuous function.

Solution True.

Example 44 A continuous function can have some points where limit does not exist.
Solution False.

Example 45 [sinx| is a differentiable function for every value of X.
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Solution False.
Example 46 cos |X is differentiable everywhere.
Solution True.

5.3 EXERCISE

Short Answer (S.A.)
1. Examine the continuity of the function
fX)=xX+2x—1latx=1
Find which of the functions in Exercises 2 to 10 is continuous or discontinuous
at the indicated points:

3x+35, if x>2 w, if x=0
2. FX0=9, . 3. fx)= X
X, if x<2 .
5, if x=0
at Xx=2 at x=0
2 _3x— X—4
2XZ3X72 ey XA s
4. FX0=y x-2 5. F(0=12(x-4)
5, if x=2 0, if x=4
at Xx=2 atx=4
[cos, if x£0 |x—afsin—— if x0
6. FT(®= X 7.1(0) = X-a
0, if x=0 0, if x=a
atx=20 atX=a
1
— 2
X X" .
=, if X0 —,if0<x<1
g T0=1 . & 0. FO0=
. 22X =3x+=,if 1<x<2
0, ifx=0 2
atx=20 atXx=1
10, f()=|x+|x-1] atx=1
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Find the value of kin each of the Exercises 11 to 14 so that the function f is continuous
at the indicated point:

. 2% 16 .
£ (%) 3x 8, if x 5 (x5 X—,|fx2
11. kK Lif xS a 12. £ () 4" 16 at X 2
k , iIf x 2

I kx “lkxif 1 x 0

2

13 f™ 2x 1 " tx=0
' X ifo x1 @
X 1
—I_C?Skx, if x£0
14, f (0= lxsmx atx=0
— ,if x=0
2

15. Prove that the function f defined by

_X
f(x)=1 [x+2x"
k , x=0

remains discontinuous at X = 0, regardless the choice of k.
16. Find the values of a and b such that the function f defined by

xX—4
[x=4]
f(x)=7a+b ,if x=4
xX—4
[x=4]

+a,if x<4

+b ,if x>4

1s a continuous function at X = 4.

1
17. Given the function f (X) = T Find the points of discontinuity of the composite

function y = f (f (X)).
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1
18. Find all points of discontinuity of the function f (t) :2;2 , where t:ﬁ .
t°+t -

19. Show that the function f (X) = |sin X+cos X| is continuous at X = T.

Examine the differentiability of f, where f is defined by

Xx], ,if 0<x<2
20. f(x)= (x=1)x, if 2<x<3

at X =2.
2 .1 .
X“sin— ,if x#0
21, f(x)= X
0 ,if x=0
at x=0.
I+x ,if x<2
2. 1(9= 5-x Lif x>2
at X =2.
23.  Show that f (X) = |X—5 | is continuous but not differentiable at X =5.

24. A functionf: R — R satisfies the equation f (x+y)=f(x) f(y) forallx, y eR,
f (X) # 0. Suppose that the function is differentiable at X = 0 and f * (0) = 2.
Prove that f "(X) = 2 f (X).

Differentiate each of the following w.r.t. X (Exercises 25 to 43) :

8X
5.  peos'x 26. — 27, log(x+\/x2+a)

X

28. log [log(log X’ )] 29.  sina/X+cos?\x  30.  sin"(ax® +bx+c)

I 1
31. cos(tan X+1) 32. sinx® + sin® + sin?(x?) 33. S {\/7}
X+1

34, (sinx)*™ 35. sin™ . cos"x 36, (X+1)2 (X+2)7(x+3)
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cos! sin X+ cos X —_n<X<£ tan”! /l—cosx —E<X<E
37 2 "4 4 38. l+cosx ) 4 4

_ e T
39. tan 1(secx+ tanx),—5< X<E

a
, ——<X<—and—tan X > —1

tanl[acos X—Dbsin X] s i
40.

bcos x+asin X 2
41 sec 0<X<—= 47 tan”' 3ax X 1x 1
' 4% =3x )] NG a’ 3a¢ '3 a 3
43 ftan’! AL 41X , —l<x<1,x£0
' (143 —1-x%

Find —= of each of the functions expressed in parametric form in Exercises from 44 to 48.

dx

1 1 1 0 1
= — =t_ — - 0+— |, y=€"| 0——
44, x=t+ Y t 45. X e‘{ Oj y [ 9]
46. X= 3c0s0 —2c0s’0, y=3sin6 — 2sin’6.

2t
1-t% -

sin X—i tan y=
47. 1+t2°

X:1+logt ’ y:3+2logt .

48. . i

49. If x=e**and y = e, prove that & _~ylogx
| ’ dx xlogy -

dy b
50. Ifx=asin2t (1 + cos2t) and y = b cos2t (1-cos2t), show that (&Lt_n Ta.
4

T
51. If x=3sint — sin 3t, y = 3cost — cos 3t, find % att= E .
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X
52. Differentiate — Ww.rL.t. sinX.
sin X

1+x* -1

X } w.r.t. tan”! X when X # 0.

53. Differentiate tan [

Find & when Xand y are connected by the relation given in each of the Exercises 54 to 57.

dx

X
54, sin(xy)+; =x-y

55. sec (X+Yy)=Xxy
56. tan!' (X +y)=a

57. 06+ =xy

dy dx
58. If @ + 2y + by + 2gx-+ 2fy + ¢ = 0, then show that g, g ="

- dy x-y

pRY =
59. If x=e’, prove that dx  xlogx"

o dy (1+logy)’
60. If Y*=€¢"" prove that _y:—( gy)
dx logy

2
(cos Xy dy y~ tan X

k ,show that —/—=

61. 1If y=(cosX) dx ylogcosx—1°

dy_sin’(@+y)

62. Ifxsin(a+y)+sinacos (a+y)=0,prove that -
dx sina

dy [1-y°
2 = — = [—
63. If \1-x* + {/1-y” = a(x-Yy), prove that x V1o

2
64. Ify=tan'x find d73/ in terms of y alone.
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Verity the Rolle’s theorem for each of the functions in Exercises 65 to 69.
65. f(X)=x(X-1)*in [0, 1].

T
66. f(X)=sin*X + cos*X in [055} .

67. f(xX)=1log (¥ +2)—log3in[-1, 1].

68. f(X)=x(x+3)e**in [-3, 0].

69. f(X)=.4-x* in[-2,2].

70. Discuss the applicability of Rolle’s theorem on the function given by

x* Lif 0 x 1

f(x
X 3 xif1 x 2°

71. Find the points on the curve y = (cosX — 1) in [0, 2x], where the tangent is

parallel to X-axis.

72. Using Rolle’s theorem, find the point on the curve y=X(X—4), xe [0, 4], where

the tangent is parallel to x-axis.
Verify mean value theorem for each of the functions given Exercises 73 to 76.
73. f(x)= Ix—1 in[1,4].
74, f(X)=x-2x*-x+3in][0, 1].
75.  f(X)=sinX — sin2X in [0, 7].

76. f(X)= 25-x* in[l, 5].

77. Find a point on the curve y = (X — 3)?, where the tangent is parallel to the chord
joining the points (3, 0) and (4, 1).

78. Using mean value theorem, prove that there is a point on the curve y = 2x* — 5X + 3
between the points A(1, 0) and B (2, 1), where tangent is parallel to the chord AB.
Also, find that point.

LongAnswer (L.A.)
79. Find the values of p and g so that



80.

81.

82.
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2 .
F(x) = X 4+ 3X+ p,.lf x<1
oxX+2 L x>1

is differentiable at X = 1.
If xX"y" = (X + y)™", prove that

' .. dly
—_— :0
M dx X and (i} ax*

2

d’y
dx?

If x = sint and y = sin pt, prove that (1) — X %Jr p’y=0.

., ady | x* +1
F —, ify = X%+
ind dX’l y

Objective Type Questions

Choose the correct answers from the given four options in each of the Exercises 83 to 96.

83.

84.

85.

2
X
Iff (x)=2xand g (X)= > +1, then which of the following can be a discontinuous

function
A) fX)+g9X B) f)-9g(x)
9
(© f09.90 ® oo
4-x°
The function f (X) = Ax— X is

(A) discontinuous at only one point

(B) discontinuous at exactly two points
(C) discontinuous at exactly three points
(D) none of these

The set of points where the function f given by f (X) = |2 X— 1| sinx s differentiable is

1
(A) R (B) R- {5}
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86.

87.

88.

89.

90.

91.

MATHEMATICS

(C) (0, ) (D) none of these
The function f (X) = cot X is discontinuous on the set
(A) {x=nm:neZ} (B) {x=2nmn:neZ}
T nr
X=(2n+l)—;ne”Z i X=—:;ne’Z
©) { (2n+1)7 } (iv) { 5 }

The function f (X) = s

(A) continuous everywhere but not differentiable at x=0
(B) continuous and differentiable everywhere

(C) not continuous at Xx=0

(D) none of these.

!
Iff(x)= X2 Sln; , where X # 0, then the value of the function f at X= 0, so that

the function is continuous at X= 0, is
(A) 0 B) -1
) 1 (D) none of these

. T
mx+1 ,if Xx<—

. . T

if fx)= , 1s continuous at X = E,then
sinXx+n, if x>—
2

nm
(A) m=1,n=0 (B) m=7+1

C mm D T

n=—_— m=n=—

(© n=- (D) ;

Let f (X) = |sin X|. Then
(A) f is everywhere differentiable

(B) f is everywhere continuous but not differentiable at Xx=nm, ne Z.

T
(C) f is everywhere continuous but not differentiable at X = (2n + 1) 3

ne Z.
(D) none of these

1-x2 dy
Ify=log 15 | then ax is equal to



92.

93.

94.

95.
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4x°

(A) 1@ (B)
1

© 4 (D)

Ify= \/sinx+Yy, then ;—di is equal to

cos X

(&) 2y (B)
sin X

© T2y (D)

The derivative of cos™ (2X* — 1) w.r.t. cos™'X is

(A) 2 (B)

2
© (D)

d2
If x=1, y=1, then KZ is

3

A) 5 (B)
3

© S (D)

cos X
1-2y

sin X
2y-1

_—1
2,/1- X%

1 —x

2t

The value of ¢ in Rolle’s theorem for the function f (X) = X — 3X in the interval

[0, /3 ]is

A1 (B) -1
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W | =

3
© 5 (D)

1
96. For the function f(X)=X+ X X e [1, 3], the value of ¢ for mean value theorem is

(A) 1 (B) 3
©) 2 (D) none of these
Fill in the blanks in each of the Exercises 97 to 101:

97. An example of a function which is continuous everywhere but fails to be
differentiable exactly at two points is

98. Derivative of X w.r.t. X is

99. Iff (X) = |cosx|, then f’ i

100. If f (X) = |cosX — sinX | , then ’ 3 -

dy (11

—at| —,—| i
101. For the curve /x ﬁ 1, dx (4 4) is
State True or False for the statements in each of the Exercises 102 to 106.
102. Rolle’s theorem is applicable for the function f (X) = [x— 1| in [0, 2].
103. Iff is continuous on its domain D, then | f | is also continuous on D.

104. The composition of two continuous function is a continuous function.

105. Trigonometric and inverse - trigonometric functions are differentiable in their
respective domain.

106. If f . g is continuous at X = a, then f and g are separately continuous at X = a.

= © L ——



Chapter

( APPLICATION OF DERIVATIVES )

6.1 Overview

6.1.1 Rate of change of quantities

d
For the function y = f (X), ax (f (X)) represents the rate of change of y with respect to X.

ds
Thus if ‘S’ represents the distance and ‘t’ the time, then —-represents the rate of

dt
change of distance with respect to time.

6.1.2 Tangents and normals

A line touching a curve y = f (X) at a point (X, y,) is called the tangent to the curve at

dx

The normal to the curve is the line perpendicular to the tangent at the point of contact,
and its equation is given as:

that point and its equation is given Y—Y; =[ ﬂj oy (X=%).

y-y, = dy—(X—)ﬁ)
dx )W

The angle of intersection between two curves is the angle between the tangents to the

curves at the point of intersection.

6.1.3 Approximation
f (X+AX)— T (X)
AX

Since f(X) = A1)1(210 , we can say that f ’(X) is approximately equal

f (X+AX)—f (X)
to
AX
= approximate value of f (X + A X) =f (X) + AX .f " (X).
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6.1.4 Increasing/decreasing functions

A continuous function in an interval (a, b) is :

(1) strictly increasing if for all X, X, € (&, b), X< X, = f (X)) <f (X)) or for all
xe (@hb),f” x>0

(i) strictly decreasing if for all X, X, € (&, b), X, <X, = f(x)>f(x) or for all
xe (ah), f’'xX)<0

6.1.5 Theorem: Let f be a continuous function on [a, b] and differentiable in (a, b) then

(i) f isincreasing in [a, b] if f (X) > 0 for each x e (a, b)
(i) f is decreasing in [a, b] if f’ (X) <0 for each X € (&, b)
(i) f is a constant function in [a, b] if f’ (X) = 0 for each x € (&, b).

6.1.6 Maxima and minima
L ocal Maximum/Local Minimum for areal valued function f
A point C in the interior of the domain of f, is called

(i) local maxima, if there exists an h > 0 , such that f (¢) > f (x), for all X in

(c—h,c+h).
The value f (C) is called the local maximum value of f.

(i) local minima if there exists an h > 0 such that f (c) < f (X), for all X in

(c—h,c+h).
The value f (C) is called the local minimum value of f.

A function f defined over [a, b] is said to have maximum (or absolute maximum) at
X=¢,ce [a b],iff (X) <f(c) forall xe [a b].

Similarly, a function f (X) defined over [a, b] is said to have a minimum [or absolute
minimum] at X = d, if f (xX) >f (d) for all x € [a, b].

6.1.7 Critical point of f : A point ¢ in the domain of a function f at which either
f’(c) =0 or f is not differentiable is called a critical point of f.

Working rule for finding points of local maxima or local minima:
(a) First derivative test:

(1) If £’ (X) changes sign from positive to negative as X increases through
C, then Cis a point of local maxima, and f (C) is local maximum value.
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(i) If f” (X) changes sign from negative to positive as X increases through
C, then cis a point of local minima, and f (C) is local minimum value.

(iii) If f’ (X) does not change sign as X increases through c, then C is
neither a point of local minima nor a point of local maxima. Such a
point is called a point of inflection.

(b) Second Derivative test: Let f be a function defined on an interval I and
ce L. Letf be twice differentiable at c. Then

() X = Cis a point of local maxima if f "(C) = 0 and f ”(C) < 0. In this case
f (c) is then the local maximum value.

(ii) X = Cis a point of local minima if f (¢) = 0 and f ”(C) > 0. In this case
f (C) is the local minimum value.

(iii) The test fails if f’(c)=0and f” (c) = 0. In this case, we go back to
first derivative test.

6.1.8 Working rule for finding absolute maxima and or absolute minima :
Sep 1: Find all the critical points of f in the given interval.

Sep 2. At all these points and at the end points of the interval, calculate the
values of f.

Sep 3 Identify the maximum and minimum values of f out of the values
calculated in step 2. The maximum value will be the absolute maximum
value of f and the minimum value will be the absolute minimum
value of f.

6.2 Solved Examples
Short Answer Type (S.A))

Example 1 For the curve y = 5X — 2)°, if X increases at the rate of 2 units/sec, then
how fast is the slope of curve changing when X = 3?

Solution Slope of curve = ;—di =5-6%

8]y
= dtl dx) X'dt
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=12.(3).Q)

= 72 units/sec.

Thus, slope of curve is decreasing at the rate of 72 units/sec when X is increasing at the
rate of 2 units/sec.

T
Example 2 Water is dripping out from a conical funnel of semi-vertical angle n at the

uniform rate of 2 cm?/sec in the surface area, through a tiny hole at the vertex of the
bottom. When the slant height of cone is 4 cm, find the rate of decrease of the slant
height of water.

Solution If s represents the surface area, then /\
B

ds
a= 2cm? /sec

T

T
s=1tr.|—1t|.sm4- = f

2

ds 2n dl
Therefore, — f 2ml.

ﬁdt

ﬂ_ 1 5 1 _ﬁcm/ Fig. 6.1
when | = 4 cm, dt 2rmd4 22n 4n

Example 3 Find the angle of intersection of the curves y*= X and X*=.

Solution Solving the given equations, we have Y= Xand ¥=y=x*=X or X*—X=0
= X(X¥-1)=0=>x=0,x=1

Therefore, y=0, y=1

i.e. points of intersection are (0, 0) and (1, 1)

dy @y 1

Further y» =X = 2y&=1 :&=2y

dy

d X = — =2X.
an y= i
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At (0, 0), the slope of the tangent to the curve y* = X is parallel to y-axis and the
tangent to the curve X’ =y is parallel to x-axis.

. . T
= angle of intersection = 5

1
At (1, 1), slope of the tangent to the curve y, = X is equal to B and that of =y is 2.

_ 21 3 3
tan©® = | 141 =7 = 0=tan' |4

-T T
Example 4 Prove that the function f (X) = tanX — 4X is strictly decreasing on (Tagj .

Solution f(X) =tan X — 4X = f’(X) = sec’X — 4
—T Y
When T<X<§, I <secx<2

Therefore, 1 <sec™X <4 = -3 < (sec™X—4) <0

- T
Thus for T< X<§, f'xX)<0

T T
Hence f is strictly decreasing on (?;gj
3

Example 5 Determine for which values of X, the function y = x* — 3 is increasing

and for which values, it is decreasing.

: 4%°
Solution y=x*— TX = (;—di=4x3 —4x=4x (x-1)
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Now, ﬂ=O:X=O,X= 1.
dx

Since f 7 (X) <0 ¥xe(— o, 0) U (0, 1) and f is continuous in (- e, 0] and [0, 1].
Therefore f is decreasing in (— o, 1] and f is increasing in [1, ).

Note: Here f is strictly decreasing in (— oo, 0) U (0, 1) and is strictly increasing in

(1, o).

Example 6 Show that the function f (X) = 4x* — 18%? + 27X — 7 has neither maxima
nor minima.

Solution f(X) =4x — 18 +27x—7
f7(X) = 12X = 36X+ 27 =3 (4 — 12X+ 9) =3 (2x — 3)?

3
f"X)=0=x= 5 (critical point)

3 3
Since f’(x) >0 forall x < 5 and for all x > 5

Hence x= 5 is a point of inflexion i.e., neither a point of maxima nor a point of minima.

X=75 is the only critical point, and f has neither maxima nor minima.

Example 7 Using differentials, find the approximate value of /(.082

Solution Let f(X) = {/x
Using f (x + AX) =f (X) + Ax. f’(X), taking X = .09 and Ax = — 0.008,
we get f (0.09 — 0.008) = f(0.09) + (—0.008) f” (0.09)

1 J 0.008
0.6

= /0.082 = +/0.09 —0.008 . [2\/m =03 - —

=0.3-0.0133=0.2867.
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2 2

Example 8 Find the condition for the curves ?‘F: I; Xy = ¢ to intersect

orthogonally.

Solution Let the curves intersect at (X, Y,). Therefore,

Xy w 2ydy o dy bx
a? b 2 pPdx dx a’y
bx,
= slope of tangent at the point of intersection (M) = 2y
1
. dy dy -y —Y
== X—+Yy= —=— ="
Again Xy =C* = i y 0:>dX X:>m2 x

2
For orthoganality, m x m=-1 = 2 1 ora’—b*=0.

Example 9 Find all the points of local maxima and local minima of the function

3 45
f(x) = —Zx“ - 8x’ —7x2 +105 .
Solution 7 (x) = -3x*— 24x* — 45x
= -3X(¢+8x+15)=-3x(X+5) (x+3)
f’" X=0=>x=-5 x=-3,x=0
f7(X) =-9x* — 48x — 45
=-3 (3% + 16X + 15)
f ”(0) =—45 < 0. Therefore, x =0 is point of local maxima

f”(-3) = 18 > 0. Therefore, X = -3 is point of local minima

f”(-5) =-30 < 0. Therefore X = -5 is point of local maxima.
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. 1. .
Example 10 Show that the local maximum value of X+ — is less than local minimum
X

value.

1 dy 1
Soluti Let y= X+— —=1-—
ution Let y x:>dx 2

&=O:>x2=1:>x=i1.

o

2 2 d? d’y

—Z=+ 7 , therefore y(atx= 1)>0and W(atx=—1)<0.

dx X

Hence local maximum value of y is at X=—1 and the local maximum value = — 2.
Local minimum value of y is at x= 1 and local minimum value = 2.
Therefore, local maximum value (-2) is less than local minimum value 2.

Long Answer Type (L.A.)

Example 11 Water is dripping out at a steady rate of 1 cu cm/sec through a tiny hole
at the vertex of the conical vessel, whose axis is vertical. When the slant height of
water in the vessel is 4 cm, find the rate of decrease of slant height, where the vertical

T
angle of the conical vessel is P

. dv
Solution Given that — = 1 cm?’/s, where Vv is the volume of water in the

dt

conical vessel.

i T
From the Fig.6.2, | =4cm, h=1 cos G = 7| andr =1 sing= 5

1 123 3
Therefore, v= —nrth= — — ~—| |3
erefore, 375 31 2
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ﬂ:\/gnﬁﬂ /1\

dt 8 dt
V3n, dl
Therefore, 1 = "¢ 16'& h 1
/6
= ﬂ—;crn/s 5
dt 237
Fig. 6.2

1
Therefore, the rate of decrease of slant height = cm/s.
2\3n

Example 12 Find the equation of all the tangents to the curve y = cos (X +Y),
—21 < X < 27, that are parallel to the line X+ 2y = 0.

Solution Given that y = cos (X +Y) ;—di= —sin (X +Y) [H;—dﬂ ..(1)
dy sin(X+Y)

or Y=~ =7
dx 1+sin(x+Y)

1
Since tangent is parallel to X + 2y = 0, therefore slope of tangent = )

sin(X+Y)

Therefore, ~ 1+sm—(x+y) =73 =sin(X+y)=1 ... (1)

Since cos (X+y)=yandsin (X+Yy)=1=cos*(X+Yy)+sin®’(X+ty)=y*+1
= l=y*+1lory=0.

Therefore, cosx = 0.

o
Therefore, X=2n+ 1)5, n=0,+1,+2..
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Thus, X = + = +3—n btx—Ex—_—TC tisf tion (ii

us, S u 5> ) satisfy equation (ii)
) T -3n

Hence, the points are E’O , T,O

T 1 T
Therefore, equation of tangent at (5, 0) isy= ) (X—Ej or 2x+4y—mn =0, and

_ 3 ). 1 3n
equation of tangent at 770 isy= 3 X"‘? or 2X + 4y + 3w = 0.
Example 13 Find the angle of intersection of the curves y? = 4ax and x* = 4by.
Solution Given that y* = 4ax...(i) and X2 = 4by... (ii). Solving (i) and (ii), we get

2 Y
| = — 2
[4b] 4ax = X'=64 ab’x

1 2

or X(X - 64ar)=0 = x=0, x=4a3b?
r2 21
Therefore, the points of intersection are (0, 0) and {483 b3, 4a3 b3J )

dy 4a 2a dy 2x x
Again, Y =4ax= —=——=—and X =4by = —=—=—
gam. Y dx 2y vy an y dx 4b 2b
Therefore, at (0, 0) the tangent to the curve y* = 4ax is parallel to y-axis and tangent
to the curve X*= 4by is parallel to X-axis.

T
= Angle between curves = B

12 21 1
T3 A3 13 . a)s
At {43_3 b3,4a3 b3 J , M, (slope of the tangent to the curve (i)) = 2 (BJ

1
2a 1(3]3 lope of the tangent to th ii)) = =2 [ET
Slp) o™ (slope of the tangent to the curve (ii)) = b b

EN
423 b°




APPLICATION OF DERIVATIVES 127

Therefore, tan 6 =

1 1
2(3)3_1(6‘)3 1o
mz—ml‘: b) 2lb 380 b°

I+mm, 22
2(a3+b3J

1 1

3a3.b3

Hence, 6 = tan™'| ————~
2£a3 + b3]

Example 14 Show that the equation of normal at any point on the curve
X=3c0s 0 — cos’0, y = 3sinb — sin’0 is 4 (y cos’0 — X sin’*0) = 3 sin 46.
Solution  We have X = 3cos 0 — cos’0

Therefore, % = —3sin 6 + 3c0s?0 sin® = — 3sinb (1 — cos’0) = —3sin’0 .

= 3cos 6 — 3sin%0 cos® = 3cosO (1 —sin?0) = 3cos’0

do
ﬂ__ cos’ 0 Theref: i ¢ | Jrsin36
R P erefore, slope of norma —cos3 o

Hence the equation of normal is

in®

sin” 0
y — (3sinB — sin®0) = 3~ [X— (3c0s6 — cos’0)]
cos” 0

= Y co0s’® — 3sinB cos’*0 + sin’0 cos’® = xsin’0 — 3sin’0 cosO + sin’0 cos’O

= Y cos’0 — xsin*0 = 3sinO cosO (cos’0 — sin?0)
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sin20 . cos20

N | W

sin40

W

or 4 (ycos® B — xsin® 0) = 3 sin40.

Example 15 Find the maximum and minimum values of
f (X) = secX + log cos’x, 0 < X < 2w

Solution f (X) = secX + 2 log cosX

Therefore, f”(X) = secx tanx — 2 tanx = tanX (secX —2)

f” (X) =0 = tanx =0 or secX = 2 or cosX = %
Therefore, possible values of x are X=0, or X=m and
Sn
X= E or X= ?
Again, f" (X) = sec™ (secx —2) + tanX (secX tanx)

= sec’X + secX tanX — 2sec?X

= secX (sec’X + tan*X — 2secX). We note that

f" (0)=1(1+0-2)=-1<0. Therefore, Xx= 0 is a point of maxima.

f" (m)=—1(1+0+2)=-3<0. Therefore, X=m is a point of maxima.

T T
£ (EJ =2(4+3-4)=6>0. Therefore, x= g is a point of minima.

Sm St
fr 3" 2(4+3-4)=6>0. Therefore, x= EY is a point of minima.
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Maximum Value of y at Xx=0 is 1+0=1

Maximum Value of y at X =7 is -1+0=-1
.. T, 1

Minimum Value of y at X = 3 is 2+2 10g5 =2(1-1log2)
. S, 1

Minimum Value of y at X = El 2+2 logE =2(1-1log2)

Example 16 Find the area of greatest rectangle that can be inscribed in an ellipse
2

X

=t yz

a b

Solution Let ABCD be the rectangle of maximum area with sides AB = 2x and

22
BC = 2y, where C (X, Y) is a point on the ellipse ¥+§ =1 as shown in the Fig.6.3.

The area A of the rectangle is 4xy i.e. A = 4xy which gives A2 = 16X2y* = S (say)

2 2
X 16b
Therefore, s=16x | 1-— b — (@ — x4
a 2
a (0, b)

D C
ds 160> / y\
= &z " . [2&2X — 4X7]. (—a, 0) (0, 0) x /(a,O)
SR> ?
Again E=0:> XzifmdyzL Fig. 6.3
" dx V2 2 o
d’s 16b’
Now, —7=—--[2a° - 12¢]
a d’s 16b*> _ , . 16b 2
X=—e, ——=——[2a’-6a] = —4a%)< 0
At 7 ae az[ ] 6[2( )
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a b
Thus at X = E y= E S is maximum and hence the area A is maximum.

a
Maximum area = 4.X.y = 4 E . E = 2ab sq units.

Example 17 Find the difference between the greatest and least values of the

- . =
function f (X) = sin2X — X, on 25
Solution f(X) = sin2x — X
= f'(X)=2cos2x—1
Therefore, f’(X) =0 = cos2x = l:>, IXis — O —— x= ——or —
’ 2 303 6 6

T T
Clearly, 3 is the greatest value and ) is the least.

J’_

DS
DS
Il
a

Therefore, difference =
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Example 18 An isosceles triangle of vertical angle 26 is inscribed in a circle of radius

cxl:-l

a. Show that the area of triangle is maximum when 6 =

Solution Let ABC be an isosceles triangle inscribed in the circle with radius a such
that AB = AC.

AD =AO + OD =a+ acos20 and BC = 2BD = 2asin20 (see fig. 16.4)

1
Therefore, area of the triangle ABC i.e. A = EBC .AD

1
) 2asin26 . (a+ acos20)

= a’sin20 (1 + cos20)

1
= A= a’in20 + 5 a sin40

dA
Therefore, a0 2a’c0s20 + 2a’cos46

= 2a%(cos20 + cos40)

dA

T =0 = c0s20 = —c0s40 = cos (1 — 40)
i

Therefore, 20 =1 — 40 = 0 = 5

2

d92 = 2a’ (-2sin20 — 4sin40) < 0 (at O = —)

oxl:-l

Therefore, Area of triangle is maximum when 6 =
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Objective Type Questions

Choose the correct answer from the given four options in each of the following Examples
19 to 23.

Example 19 The abscissa of the point on the curve 3y = 6X— 5x%°, the normal at which
passes through origin is:

1 1
(A)1 B) 3 ©2 D) 5

Solution Let (X, y,) be the point on the given curve 3y = 6X— 5x’ at which the normal

d
passes through the origin. Then we have (d_i(/] =2-5% . Again the equation of
(%%)

—X -3
the normal at (X, ¥,) passing through the origin gives 2—5)(12 :—IZF.
Yi =X

Since X, = 1 satisfies the equation, therefore, Correct answer is (A).

Example 20 The two curves X* — 3xy* + 2 = 0 and 3X%y — y* = 2

(A) touch each other (B) cut at right angle
T T
(C) cut at an angle 3 (D) cut at an angle n

Solution From first equation of the curve, we have 3X* — 3y? — 6xy &

dx
dy Xy d second equation of th i
= oy (m,) say and second equation of the curve gives
dy dy dy —2Xy
T SV e A 1Y e A 2 =
6Xy + 3X X 3y X 0 = X Xy (m,) say

Since m, . m, = —1. Therefore, correct answer is (B).
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T
Example 21 The tangent to the curve given by x=¢€'. cost, y=¢€ . sintatt= n makes

with X-axis an angle:

(4)0 ®) © 3 (D) 5

_dx . dy .
Solution E: — ¢ . sint + €cost, a= €cost + €sint

cost +sint /2 .
Therefore, _== —__— .= —— and hence the correct answer is (D).
dxJt=, " cost—sint

Example 22 The equation of the normal to the curve y = sinx at (0, 0) is:
(A)x=0 B)y=0 C)x+y=0 D)yx-y=0

-1

cos ij_o =—1. Hence the equation

Solution % = cosX. Therefore, slope of normal = (

of normalisy—0=-1(x—0)orx+y=20
Therefore, correct answer is (C).

Example 23 The point on the curve y? = X, where the tangent makes an angle of

T . ..
Z with X-axis is

11 11

(A) (E’Z) (B) (1’5] (©)(4,2) D) (1, 1)
) dy i 1 1

Solution &=2—y=tanz=1=>y=§ X = Z

Therefore, correct answer is B.
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Fill in the blanks in each of the following Examples 24 to 29.

Example 24 The values of a for which y = X + ax + 25 touches the axis of X

d a
Solution —y=0:> 2x+a=0 ie. X=——,
dx 2
a’ a
Therefore, T+ a[—5j+25: 0 N a= +10

Hence, the values of a are = 10.

1

Example 25 If f(x) = I +2x+1°

then its maximum value is
Solution For f to be maximum, 4x* + 2X + 1 should be minimum i.e.

1 1 3
A +2x+1 =4 (x+ 1 )+ (1——] giving the minimum value of 4x*+ 2x+ 1 = 1

4

Hence maximum value of f=

[SSRINN

Example 26 Let f have second deriative at ¢ such that f '(c) = 0 and
f”(c)> 0, then Cis a point of

Solution Local minima.

- T
Example 27 Minimum value of f if f (X) = sinX in [7,5} is .

Solution -1

Example 28 The maximum value of sinX + cosX is

Solution /2.
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Example 29 The rate of change of volume of a sphere with respect to its surface
area, when the radius is 2 cm, is

Solution 1 cm’/cm?

4

dv ds dv r

3 2 2

v=—TnI"=>—=4nr" s=4n"=> — =8 => —=—=1atr=2.
3 dr ’ dr 2"

ds

6.3 EXERCISE

Short Answer (S.A.)

1.

A spherical ball of salt is dissolving in water in such a manner that the rate of
decrease of the volume at any instant is propotional to the surface. Prove that
the radius is decreasing at a constant rate.

If the area of a circle increases at a uniform rate, then prove that perimeter
varies inversely as the radius.

A kite is moving horizontally at a height of 151.5 meters. If the speed of kite is
10 m/s, how fast is the string being let out; when the kite is 250 m away from
the boy who is flying the kite? The height of boy is 1.5 m.

Two men A and B start with velocities v at the same time from the junction of
two roads inclined at 45° to each other. If they travel by different roads, find
the rate at which they are being seperated..

Find an angle 6, 0 <0 < 5 which increases twice as fast as its sine.

Find the approximate value of (1.999)°.
Find the approximate volume of metal in a hollow spherical shell whose internal
and external radii are 3 cm and 3.0005 cm, respectively.

2
A man, 2m tall, walks at the rate of 15 m/s towards a street light which is

1
5 3m above the ground. At what rate is the tip of his shadow moving? At what
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10.

11.

12.
13.

14.

15.
16.

17.

18.

19.

20.
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1
rate is the length of the shadow changing when he is 3§m from the base of
the light?

A swimming pool is to be drained for cleaning. If L represents the number of
litres of water in the pool t seconds after the pool has been plugged off to drain
and L = 200 (10 — t)>. How fast is the water running out at the end of 5
seconds? What is the average rate at which the water flows out during the
first 5 seconds?

The volume of a cube increases at a constant rate. Prove that the increase in
its surface area varies inversely as the length of the side.

X and Yy are the sides of two squares such that y = x — X?. Find the rate of
change of the area of second square with respect to the area of first square.

Find the condition that the curves 2x = y? and 2xy = K intersect orthogonally.
Prove that the curves Xy = 4 and X* + y? = 8 touch each other.

Find the co-ordinates of the point on the curve Jx \N =4 at which tangent
is equally inclined to the axes.

Find the angle of intersection of the curves y =4 — X2 and y = X°.

Prove that the curves y? = 4x and X* + y* — 6X + 1 = 0 touch each other at the
point (1, 2).

Find the equation of the normal lines to the curve 3x* — y* = 8 which are
parallel to the line X + 3y = 4.

At what points on the curve X* + y? — 2X— 4y + 1 = 0, the tangents are parallel
to the y-axis?

—X

X =X
Show that the line a %= 1, touches the curve y=Db.e? at the point where

the curve intersects the axis of V.

Show that f (X) = 2x + cot 'x + log (\/1-" X —X) is increasing in R.
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22.

23.

24.
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Show that fora 1, f (X) = /3 sinx — cosx —2ax + b is decreasing in R.

Show that f (X) = tan"!(sinX + cosX) is an increasing function in 0, 1

At what point, the slope of the curve y = — x> + 3x* + 9x — 27 is maximum?
Also find the maximum slope.

Prove that f (X) = sinX + /3 cosx has maximum value at X = e

Long Answer (L.A))

25.

26.

27.

28.

29.

30.

If the sum of the lengths of the hypotenuse and a side of a right angled triangle
is given, show that the area of the triangle is maximum when the angle between

hemis —.
temls3

Find the points of local maxima, local minima and the points of inflection of the
function f (X) =x° — 5x* + 5x* — 1. Also find the corresponding local maximum
and local minimum values.

A telephone company in a town has 500 subscribers on its list and collects
fixed charges of Rs 300/- per subscriber per year. The company proposes to
increase the annual subscription and it is believed that for every increase of
Re 1/- one subscriber will discontinue the service. Find what increase will
bring maximum profit?

2 2

X
If the straight line X coso. + Y sinot = p touches the curve 2 % =1, then

prove that & cos’o. + b? sin’a = p2.

An open box with square base is to be made of a given quantity of card board

3

of area ¢*. Show that the maximum volume of the box is p \/5 cubic units.

Find the dimensions of the rectangle of perimeter 36 cm which will sweep out
a volume as large as possible, when revolved about one of its sides. Also find
the maximum volume.
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32.

33.
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If the sum of the surface areas of cube and a sphere is constant, what is the
ratio of an edge of the cube to the diameter of the sphere, when the sum of
their volumes is minimum?

AB is a diameter of a circle and C is any point on the circle. Show that the
area of A ABC is maximum, when it is isosceles.

A metal box with a square base and vertical sides is to contain 1024 cm?®. The
material for the top and bottom costs Rs 5/cm? and the material for the sides
costs Rs 2.50/cm? . Find the least cost of the box.

The sum of the surface areas of a rectangular parallelopiped with sides X, 2X

X
and 3 and a sphere is given to be constant. Prove that the sum of their volumes

is minimum, if X is equal to three times the radius of the sphere. Also find the
minimum value of the sum of their volumes.

Objective Type Questions

Choose the correct answer from the given four options in each of the following questions
35to 39:

35.

36.

37.

The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. The
rate at which the area increases, when side is 10 cm is:

10
(A) 10 cm¥s  (B) /3cm¥s (C) 104/3 cm¥s (D) ?cmz/s

A ladder, 5 meter long, standing on a horizontal floor, leans against a vertical
wall. If the top of the ladder slides downwards at the rate of 10 cm/sec, then
the rate at which the angle between the floor and the ladder is decreasing
when lower end of ladder is 2 metres from the wall is:

1 1
(A) Bradian/sec (B) 20 radian/sec (C) 20 radian/sec
(D) 10 radian/sec

1

The curve y = X has at (0, 0)
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(A) a vertical tangent (parallel to y-axis)
(B) a horizontal tangent (parallel to x-axis)
(C) an oblique tangent

(D) no tangent

The equation of normal to the curve 3x* — y? = 8 which is parallel to the line
X+3y=28is

(A)3x-y=38 (B)3x+y+8=0
C)x+3y 8=0 D)x+3y=0

If the curve ay + x> =7 and X’ =Y, cut orthogonally at (1, 1), then the value of
ais:

(A) 1 (B)0 ©)-6 (D) .6
Ify =x*— 10 and if X changes from 2 to 1.99, what is the change in y
(A) .32 (B) .032 (C) 5.68 (D) 5.968

The equation of tangent to the curve y (1 +X%) =2 — X, where it crosses X-axis
is:

(A)x+5y=2 (B)x-5y=2
(C)5Sx—-y=2 (D) 5x+y=2

The points at which the tangents to the curve y=x* — 12x + 18 are parallel to
X-axis are:

(A) (2,-2), (2,34 (B) (2,34), (2,0
(C) (05 34): (_2’ O) (D) (2a 2)? (_2a 34)

The tangent to the curve y = € at the point (0, 1) meets x-axis at:

1
(A) (0, 1) ®B) —3:0 ©) (2,0 (D) (0,2)

The slope of tangent to the curve X = t* + 3t — 8, y = 2t> — 2t — 5 at the point
(2,-1)is:
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22 6 -6
W= @ © — (D)6

45, The two curves X° — 3xy*+ 2 = 0 and 3x%y — y* — 2 = () intersect at an angle of

(A) o B) 3 © 5 D) %
46. The interval on which the function f (X) = 2X® + 9x* + 12X — 1 is decreasing is:
AL ) B [F2-1] <© = .2 D) [-1, 1]
47. Let the f : R — R be defined by f (X) = 2x + cosX, then f :
(A) has a minimum at X =7 (B) has a maximum, at X =0
(C) is a decreasing function (D) is an increasing function

48. y = X (X — 3)* decreases for the values of X given by :

3
(A)1<x<3 (B)x<0 (C)x>0 (D)0<X<5
49. The function f (X) = 4 sin*x— 6 sin®X + 12 sinx + 100 is strictly
3n T
(A) increasing in | T, 5 (B) decreasing in 3 n
(C) decreasing in _735 (D) decreasing in 0, 5
50. Which of the following functions is decreasing on 0, 5
(A) sin2x (B) tanx (C) cosx (D) cos 3x

51. The function f (X) = tanX — X
(A) always increases (B) always decreases

(C) never increases (D) sometimes increases and sometimes
decreases.
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If X is real, the minimum value of X> — 8x+ 17 is

(A) -1 B)O0 O 1 (D)2

The smallest value of the polynomial X} — 18X* + 96X in [0, 9] is
(A) 126 B)O0 © 135 (D) 160

The function f (X) = 2X* — 3x* — 12X + 4, has

(A) two points of local maximum (B) two points of local minimum

(C) one maxima and one minima (D) no maxima or minima

The maximum value of sin X . cos X is
1 1
() 5 B) 5 © 2 (D) 242

5
At x= rE f (X) =2 sin3X + 3 cos3X is:

(A) maximum (B) minimum

(C) zero (D) neither maximum nor minimum,
Maximum slope of the curve y = —x* + 3x2 + 9x — 27 is:

(A) O (B) 12 (©) 16 (D) 32

f (X) = X*has a stationary point at

1

(A)x=e (B)x:g C)x=1 (D) x= /e

X

1
The maximum value of ; 1s:

I~

(A) e (B) & ©) o (D)

®l—
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Fill in the blanks in each of the following Exercises 60 to 64:

60.

61.
62.

63.

64.

The curves y = 4x2 + 2x — 8 and y = X* — X + 13 touch each other at the
point

The equation of normal to the curve y = tanx at (0, 0) is

The values of a for which the function f (X) = sinx— ax + b increases on R are

2

The function f (X) = N X > 0, decreases in the interval

b
The least value of the function f (x) = ax + X (@a>0,b>0,x>0)is

= O E I —



Chapter 7

(INTEGRALS)

7.1 Overview

d
7.1.1 Let&F(x)zf(x).Then,Wewrite ¥ x dx=F (x) + C. These integrals are

called indefinite integrals or general integrals, C is called a constant of integration. All
these integrals differ by a constant.

7.1.2 If two functions differ by a constant, they have the same derivative.

7.1.3 Geometrically, the statement ¥ x dx=F (x) + C =y (say) represents a

family of curves. The different values of C correspond to different members of this
family and these members can be obtained by shifting any one of the curves parallel to
itself. Further, the tangents to the curves at the points of intersection of a line x = awith
the curves are parallel.

7.1.4  Some properties of indefinite integrals

0] The process of differentiation and integration are inverse of each other,

d
i.e.,& ¥ xdx fx and F'xdx f x C, where C is any
arbitrary constant.

(i) Two indefinite integrals with the same derivative lead to the same family of
curves and so they are equivalent. So if f and g are two functions such that

d d
™ f x dx 5(3 g(® dx then ¥ x dxand 3y x dxare equivalent.

(iii) The integral of the sum of two functions equals the sum of the integrals of

the functionsi.e., 3f x g x dx= 3 x dx+ 3 x dx.



