Class XI Chapter 4 - Principle of Mathematical Induction Maths

Compiled By : OP Gupta [+91-9650 350 480 | +91-9718 240 480]

Exercise 4.1

Prove the following by using the principle of mathematical induction for all n € N:

(51

2

14+3+3 +..+3"" =

Answer

Let the given statement be P(n), i.e.,

(3-1)

2

P(N):1+3+3%2+ .4+3"t=
Forn = 1, we have

(3'-1) 3.

2
2 2

P(1): 1= =1, which is true.

Let P(k) be true for some positive integer k, i.e.,

1+3+3 +..+3"" =

i)

We shall now prove that P(k + 1) is true.
Consider

14+3+3°+ ..+ 343001
=(1+3+3%+.. +3) + 3

_Z + 3 [Using (i)]
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Class XI Chapter 4 - Principle of Mathematical Induction Maths

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

n(n+1))
LS

P+2+3 +..+n :[

W J
Answer
Let the given statement be P(n), i.e.,

n{n+]}\':
P(n): 1'+2'+3 +..+n = [7

'\ = !
For n = 1, we have

(1(1+1)) (127
: ‘ =1" =1, which is true.

P(1):13=1=

-
F

,
Let P(k) be true for some positive integer k, i.e.,

(k(k+1)Y

F+2'+3 +...+k' =

-
L, = A

We shall now prove that P(k + 1) is true.

Consider
13+22+3%3+ .+ K+ (k+ 1)
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[Hk_- ”TH“*']? [ Using (i)]

=—*:{"f”:+(ﬁ+|}’
B (k+1) +4(k+1)°
- 4
(k+1) [ﬁ-‘+4(k+|}}
4

(k+1)" [&* + 4k +4)

4
(k+1) (k+2)

4
(k+1) (k+1+1)
4
=(1P+22+3+ . +K)+ (k+ 1) RGN
5

k, = A

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

| | I n

+ - +..t =
(1+2) (1+2+3) (14243+.1n) (n+1)

Answer

Let the given statement be P(n), i.e.,

] 1 1 In
P(n): 14+——+ b =
1+2 1+2+3 1+2+3+.n n+l

Forn =1, we have

2.1 2 o
P(1): 1 = ——===1 which is true.
1+1 2

Let P(k) be true for some positive integer k, i.e.,
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Maths

1 1 1 2k .
14 ot Food = w1}
1+2 I+2+3 |+2+3+...+& A+1
We shall now prove that P(k + 1) is true.
Consider
| I 1 1
1+

+ + ...+ +
1+2 1+2+3 1+2+3+. +k 1+2+3+ +k+(k+1)

:[I+ ] + ! -+ ] ]+ |
1+2 1+2+43 1+2+3+. k) 14243+ +k+(k+1)
2k 1

= + Using (1
k+1 14243+ +k+(k+1) [ H]
2k l .
- 1 1+2+3+. . +n=
k+1 ([k+|}[k+l+l]1
2
h A
2k 2

n{n+1)

Prove the following by using the principle of mathematical induction for all n € N: 1.2.3

n(n+1)(n+2)(n+3)

+234+ .. +nn+1)(n+2)= 2

Answer

Let the given statement be P(n), i.e.,

n(n+1)(n+2)(n+3)

P(n): 1.23+234+ ..+n(n+1)(n+2)= 2

For n = 1, we have

1+1)(1+2)(1+3 [.2.3.4
P(1): 1.2.3 =6 = ( ) 2 “ }= ; = b, which is true.

Let P(k) be true for some positive integer k, i.e.,

k(k+1)(k+2)(k+3)

1.23+234+ .. +k(k+1)(k+2) = 1
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We shall now prove that P(k + 1) is true.

Consider

1.23+234+ .. +k(k+1)(k+2)+(k+1)(k+2)(k+3)
={123+4+234+ . +kik+1)(k+2)y+(k+1)(k+2)(k+3)

k(k+ 'ka}“ *3}+(fi +1)(k+2)(k+3) [Using (i)]

= (k+1)(k+2)(k+3) %+|J

{a’c+]}{a’c+2]{a’c+3}iﬁ+4]
4
(A1) (k+1+1)(A+1+2)(k+1+3)

4

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

2 3 " {EH_I}SI;-I-'_B
|34+ 23 433 4+ .. +n3 = 2

Answer

Let the given statement be P(n), i.e,,

2 2n—1)3"+3
p(ny : 134237433 4. 403" =(+

Forn = 1, we have

21-1)3""+3 3*+3 12
( ) = =-—=3, which is true.

P(1): 1.3 =3= —
(1) 4 4 4

Let P(k) be true for some positive integer k, i.e.,
(2k-1)3""+3

- 4

We shall now prove that P(k + 1) is true.

- ]

13423 433 4. +4&3
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Consider
1.3 + 2.32 + 3.3 + ... + k3*+ (k + 1) 3**1
=(1.3+4+2.32+ 3.3+ .+ k39 + (k + 1) 31

(2k-1)3""+3

{,.rf_|_]}_‘;"-'- [LJf;ingl[i‘J]

(26 -1)3"" +3+4(k+1)3""

32k —1+4(k+1)}+3
4
36k +31+3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

)(n+2
12+ 2.3+3,4+...+n.{n+1}:[”(”+ i{’” q

Answer

Let the given statement be P(n), i.e.,

|:nl:n+1){n+3}:|
3

p(n): 12+ 23434+, +n(n+l)=

Forn = 1, we have

HI+T)p1+2 2.
P(1): 1.2=2= (1+ y 1}=|'33=2,which is true.
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Let P(k) be true for some positive integer k, i.e.,

124234344tk (k+1)= r“* '}“"*ﬂ ()

-

A

We shall now prove that P(k + 1) is true.

Consider

1.24+23+34+ . +k(k+1)+ (k+1).(k+2)
=[124+23+34+ .. +kk+1D]+(k+1).(k+2)

Ck(k+1)(k+2)

sk +1)(k+2) [Using ()]
= (k- I](ﬁ:ll]l%rll

(k+1)(k+2)(k+3)

:{_m]]{ﬂm;[ﬂwuz)
3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

nld4n' +6n-1
1.3+3.5+5.7+..+(2n-1)(2n+1) = f 3 )
Answer

Let the given statement be P(n), i.e,,

n(4n’ +ﬁm—|]

P(n): 13435457 +..+(2n-1)(2n+1)= .

Forn = 1, we have

4.1 +6.1-1) 446-1 9
P(1):1.3=3= { . )_ ToT0 723, which is true.
. 3
Let P(k) be true for some positive integer k, i.e.,
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Maths

o k(4k +6k—1) |
13+354+5. 7+ .+ (2k-1)(2k+1)= - (1)
2

We shall now prove that P(k + 1) is true.
Consider
(1.34+435+57+..+R2k-1)RRk+ 1)+ {2(k+1)-1¥2(k+1)+ 1}

k(46 +6k -1
:[ N }+{2,{-+2-I}{2k+2+lj [Using (i)]

k(47 0k -1)

+(2k+1)( 2k +3)

_ ﬂ'[4k3+('r.ﬂ.'—]}+(4k3+8k+3]

)

k(45" +6k =1)+3(4k" +8k +3)

=
2

A6k -k + 1247 424k +9

-

&
4T H18KT+23k49
3
AR 4R 9k + 4K 414k 49

-

)
k[ 4E 14k 4 9)+ 1{447 + 14k +9)
- 3
(A1) 47+ 14k+0)
- 3

(k+1)]4k" +8k+4+6k+6-1|

(k+1)}4(k L2 +1)+6(k+1)-1
B 3
(k+1){4(k+1) +6(k+1)-1}

-
]

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.
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Prove the following by using the principle of mathematical induction foralln e N: 1.2 +
2.2°4+3.22+ .. +n2"=(n-1)2" +2

Answer

Let the given statement be P(n), i.e.,

P(n): 1.2 4+2.22+3.2°+ ..+n2"=(n-1)2""" +2

Forn = 1, we have

P(1):1.2=2=(1-1) 2" +2 =0+ 2 = 2, which is true.

Let P(k) be true for some positive integer k, i.e.,

1.2 4222 +3.22+ ..+ k2"=(k-1)2*"1 + 2 .. (i)

We shall now prove that P(k + 1) is true.

Consider

e,

.2v2:3+131h“+h2ﬂ+{kvu~F*

(& I]'*"+’«"+ (hk+1)2"
2 (k=1)+(k+1)}+2
22k 42
=25 40

={(k+1)-1}2""" 42

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

1 1 1 1 |
t f 1 =

et
2 4 8 2" 2"
Answer

Let the given statement be P(n), i.e.,

1
P(n): ek S =1

k

=
sl
| ]
-t
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For n = 1, we have

1 1

1
P(1): =l-—=—, which is true.
2 2

2
Let P(k) be true for some positive integer k, i.e.,
1 1 1 1 |

E+E+§+"+z_1=]_z_‘ ---{j}

We shall now prove that P(k + 1) is true.
Consider

o J* e [lirﬁng{i}]

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:
] ] ] 1 n
—+—+ +..+ .

25 58 811 [31? 1)(3n+2) (hn } -—I}

Answer

Let the given statement be P(n), i.e,,

1 1 | 1 "
Lt —t—— . =
P(N): 25758 811 7 (3n-1)(3n+2) (6n+4)

Forn = 1, we have
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|={|}=L=i L _ 1 whichis true.

25 10 6.1+4 10

Let P(k) be true for some positive integer k, i.e.,
1 1 | 1 k

—t—t +..+ =

25 58 811 3k-1)(3k+2) 6k+4

1)

We shall now prove that P(k + 1) is true.
Consider

—t— I + + ! + _ ]
25 58 811 (Bk=1)(3k+2) {3(k+1)=1}{3(k+1)+2|

k [
T6k+4 (3k+3-1)(3k+3+2)
ok !

S 6k+4 (3k+2)(3k+5)
£ |
2(3k+2)  (3k+2)(3k +5)

1 (k1 ‘~|

= I

(3k+2)L 2 3k+3,

| “x{ax—5]+2"'|
(3k+2)1 2(3k+5)

[Using (i)]

4

1 (3k7+5k+2
(3k+2)| 2(3k+5)

A

o "[3&+z}(&+|}“‘|
(3k+2)| 2(3k+5)
_[J".-+I]
6k +10

(k+1)

6(k+1)+4

4

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Page 11 of 27 By OP Gupta [+91-9650 350 480]


OP GUPTA
Typewriter
By OP Gupta [+91-9650 350 480]


Class XI Chapter 4 - Principle of Mathematical Induction Maths

Prove the following by using the principle of mathematical induction for all n € N:

R [ ~ n(n+3)
4 345 7 n{r.r+1:|[n+2}_-1{”+I}{n+2}

e
30 2.

| —

b | —

L

Answer
Let the given statement be P(n), i.e.,

| N l B n{n+3]
345 7 n(r.r+1:|[n+2}_-1(.1-;+I}{n+2}

(1+3) 1.4

= = = , which is true.
3 4(1+1)(1+2) 4-2:3

1
1-:2:3

Let P(k) be true for some positive integer k, i.e.,

| | 1 | k(k+3) .
- + —+ .+ = A1)
1:2:3 0 2:3:4 3.4:5 7 k(k+1)(k+2) 4(k+1)(k+2)

We shall now prove that P(k + 1) is true.

Consider
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l + : + ! +ont I + l
-2-3 2:3-4 3-4.5 77 k(k+1)(k+2) | (A+1)(k+2)(k+3)
k(k+3) |

Takr)(k+2) (ke (ke2)(k+3) [Using O]

1 [k(k+3) 1]
ﬁ+l{f1+2}1 4 e’f+3f

1 [k[ﬂ +m+9)+4
4{.ﬂ+1 }

4k +3)
K+ 2k +k+ak” + 8k +4]
4k +3) J
I B L G L) Rl G |
{,{'+I}{ﬁ'+2}l 4(k+3) ‘

! {k{k+l]:+4[ﬁr+l]:]

T (k+1)(k+2) 4(k+3)

W

[+ 6k + 9k + 4
3 |
[¥

|

C (k+1)' (k+4)
4k 1) (k+2)(k+3)
_ (k+1){(k+1)+3}
A(k+1)+1}f(k+1)+2]

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Page130f27 By OP Gupta[+91-9650 350 480]


OP GUPTA
Typewriter
By OP Gupta [+91-9650 350 480]


Class XI Chapter 4 - Principle of Mathematical Induction Maths

Prove the following by using the principle of mathematical induction for all n € N:

n{:r"—l}

=1

a+ar+ar +..+ar’ =

Answer
Let the given statement be P(n), i.e.,

| u{r“ —I}

P(n):atar+ar’ +..+ar"' = ]
I"_

For n = 1, we have
|

alr —1

P[Ij:r::—{ ] ):r;
(r=1) , which is true.

Let P(k) be true for some positive integer k, i.e.,

) k=1 H{.J‘J; _I} .
d+ar +ar + .. +ar’ =— | e 1)

If' —

We shall now prove that P(k + 1) is true.
Consider
{u Far 4+ ar + ... Far' '} Fart !

:Mﬂu"‘ [ Using(i) |

r

H(a"g —]}+u.r"' (r-1)

r—1

a(r* - ]}+ ar™ —ar'

r—1

ar' —a+ar'' — @t

=1

Thus, P(k + 1) is true whenever P(k) is true.
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Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

[(“%W”?H'*%]‘"\:”(z”f”]=(n+|y

n

*, A A

Answer

Let the given statement be P(n), i.e.,

S

\ L H
Forn = 1, we have

k' 3 ol 5
P(1) :(1+%J =4 =(1+1) =2 =4, which is true.
\

Let P(k) be true for some positive integer k, i.e.,

(sl e

We shall now prove that P(k + 1) is true.

—
e

Consider

R e e

"

(ke IV +2{f{|1}-1 sin
G [using(1)]
e E) 20k

ey | 420 20

=(k+1) +2(k+1)+1

={{!c H1)+ I]:

Thus, P(k + 1) is true whenever P(k) is true.
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Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:
A AV N 5 _

| |+1”|+l | 1+ 1 - 1+ = (nr1)

I‘l. I.-' %, 2""\ 32‘ b H.-‘I

Answer

Let the given statement be P(n), i.e.,
S TR DT I I
P(n): 1+—] l+— || 1+= || 1+= | = (n+1
[}L I,|k 3| 3;| \ H;| (+1)
For n = 1, we have
. 1
P[_I}:[I+T|=2={1+|},whichistrue.
/

Let P(k) be true for some positive integer k, i.e.,

P[A‘}:[HH(I+lj][r1+%},,,[l+%;|=(.ﬂr+l] - (1)

We shall now prove that P(k + 1) is true.

Consider

:{.ﬁ'+|}[l+ _ ] |_lJ.k;i|1g {I]-|

=(k+1)+1
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.
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Question 15:

Prove the following by using the principle of mathematical induction for all n € N:

24345 4ok (2n—1) = 212D (204

Answer
Let the given statement be P(n), i.e.,

n(2n—1)(2n+1)

3

F’[r?}= I +3° +5° +,,,+{2n—|]: =

Forn =1, we have
1(2.1-1)(2.1+1) 113

-
A 2

P(l)=1"=1= =1, which is true.

Let P(k) be true for some positive integer k, i.e.,
s s s » k(2E-1)(2k +1
P(k)=1"+3+5 + . +(2k-1) = ( ;( )

We shall now prove that P(k + 1) is true.

Consider

{I’ +37 457+ ( 2k I]:} +{2{JL- +I)—I}:

_ k(2% |; ?k+|}+{2£_+2_|): [Using (1)]
(2k - |:3 jk+|}+{zﬁ-+|]
_ k(2k=1)(2k+1)+3(2k+1)°

(24 +|}{k{2;—1}+3{2k+|j}

- 3

:{2k+|}{2k3—ﬂ-+6k+3}

-
2
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_{Ek—l}ilk +5k+1}

3
(2K +1)12k" + 2k +3k +3|
3
(k1) {2k (k+1)+3 (k1))
B 3
2k +1)(k+1)(2k +3)
B 3
(kD) {2(k 1) =12k +1) + 1]

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N:

] ] ] i
—+—t +ot =
1.4 4.7 7.10 {3n—2}{3n+]} [5n+1]

Answer

Let the given statement be P(n), i.e.,

| | I I n

P(n):— +—+ T =
[}I-i 47 7.10 (3n-2)(3n+1) (3n+1)
For n=1, we have

| I | .
|J(|} =—=—=—=——_which is true.

.4 31+1 4 14

Let P(k) be true for some positive integer k, i.e.,

1 1 k
= = -
P = a2 0 T (Gk-2)(3k+1) 3k+1 (1

We shall now prove that P(k + 1) is true.
Consider
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R ! !
1

14 47 710 '"+[3k—2}{3£;+IJ 13(k+1)=2{3(k+1)+1]

ﬂ' _
T £+I}:[3£;+4) [Using (1)

1
(3 +1)

(3
| !
(3k+1) {“{3“4 }
I
l

1 jh,a-:+4a-+1}
C(3k+1) | (3k+4)
] [3&':+3£+k+1}
Gk+1y|  (3k+4) |
(3k+1){k+1)

TGk +1)(3k+4)

(k+1)

3(k+1)+1

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 17:
Prove the following by using the principle of mathematical induction for all n € N:
1 1 1 ]

— o
35 57 7. {Eu+1}{2u+3} 3{2n+3]

Answer
Let the given statement be P(n), i.e.,

1 ] 1 | n
+—t—t..+ =

P :
[‘”} 3.5 57 79 {2n+1}{2n+3} 3(2n+3}

Forn = 1, we have
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1 1 1

P(1): = @ @@= , which is true.
{} 35 3(2.I+3} 3.5

Let P(k) be true for some positive integer k, i.e.,
1 1 1 I
Plk) —+—+—+...+ =
(k) 35 57 79 (2k+1)(2k+3)  3(2k+3)

We shall now prove that P(k + 1) is true.
Consider

L1 | 1
+ + +..+ + : :
35 57 79 [2k+]]{2k+3}] (2(k+1)+1}{2(k+1)+3)

k I )
=3{2k +3}+{Ek+3}[2ﬁ +5) [meg {I}]

U [k
(2K +3) 3+{2k+5}]
k

1
C(2k+3)[ 3(
1 [ 2k +5k+3
C(2k+3)| 3(2k+5)

o '25-=+2k+35-+3]
C(2k43)|  3(2k+5)

I [2k(k+1)+3(k+1)
C(2k+3)| 3(2k+5) ]
(k+1)(2k+3)
3(2k+3)(2k+5)

(k+1)
“3{2(k+1)+3)

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 18:

Page 20027 By OP Gupta[+91-9650 350 480]


OP GUPTA
Typewriter
By OP Gupta [+91-9650 350 480]


Class XI Chapter 4 - Principle of Mathematical Induction Maths

Prove the following by using the principle of mathematical induction for all n € N:

1 42
14243+ +n<—(2n+1)

L

Answer

Let the given statement be P(n), i.e.,

P{n}:l+2+3+...+n{%{2n+1}:

L

1 2
It can be noted that P(n) is true for n = 1 since 1< H{E'I 1) = o

Let P(k) be true for some positive integer k, i.e.,
1 )
112|...-kq8{2k+1} v (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

(1424 .+ k)+(k + 1}::;{2& f1) +(k+1) [ Using(1)]
{é[[2k+1]1+3(k+]]}
{é-[4k’+4k+l+ﬁk+ﬁ}
{é{%hlzmt}}

< é (2k+3)’

q;’{z{k—ljﬂ}‘
Hence,{I+1+3+...+k]+[ﬁ:+I]{%{Ek“}: +(k+1)

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Page 21 of 27 By OP Gupta [+91-9650 350 480]


OP GUPTA
Typewriter
By OP Gupta [+91-9650 350 480]


Class XI Chapter 4 - Principle of Mathematical Induction Maths

Prove the following by using the principle of mathematical induction foralln e N: n (n +
1) (n + 5) is a multiple of 3.

Answer

Let the given statement be P(n), i.e,,

P(n): n(n + 1) (n + 5), which is a multiple of 3.

It can be noted that P(n) is trueforn = 1since1 (1 + 1) (1 +5) = 12, whichis a
multiple of 3.

Let P(k) be true for some positive integer k, i.e.,

k (k + 1) (k + 5) is a multiple of 3.

+k(k+1)(k+5)=3m,wheremeN .. (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
(k+1D)f(k+1)+1{(k+1)+5}
=(k+1)(k+2)}(k+5)+1}
=(k+1)(k+2)(A+5)+(k+1)(k+2)
=Lk (k+1)(k+5)+2(k+1)(k+5)}+(k+1)(k+2)
=3.'H'+{.lr{ FI{2(k+5)+(k+2)}

3m+(k+1){2k +10+k+2)
3m+(k+1)(3k +12)
m+3(k+1)(k+4)

Il
]

= 3{m+{ff +1)(k+4)} =3x4. where g = lm+{_#: +1)( & +4]|} is some natural number
Therefore, (& + I}{[k +1)+ 1}{[;:' +1) + :n} is a multiple of 3
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N: 10" 1
+ 1 is divisible by 11.
Answer

Let the given statement be P(n), i.e.,
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P(n): 10"~ + 1 is divisible by 11.

It can be observed that P(n) is true for n = 1 since P(1) = 10> "'+ 1 = 11, which is
divisible by 11.

Let P(k) be true for some positive integer k, i.e.,

10% 1+ 1 is divisible by 11.

~10%"1+ 1 =11m, whereme N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

107 4

= 10" 4

=107 +1

=107 (107" +1-1)+1

=107 (10" +1) =107 +1

=10%11m —100 +1 [ Using (1)]
=100x11m-99

=1 1{(100m-9)

=11r, where r :(IUU;:;—E‘I) is some natural number
Therefore, 107" 41 is divisible by 11.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N: x*" -
y*" is divisible by x + y.

Answer

Let the given statement be P(n), i.e,,

P(n): x*" - y*" is divisible by x + y.

It can be observed that P(n) is true for n = 1.

2x1 _ 2x1

This is so because x y**l1=x*-y?> = (x + y) (x - y) is divisible by (x + y).

Let P(k) be true for some positive integer k, i.e.,
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x*¢ - y?!is divisible by x + y.

XK -y =m (x +y), whereme N ... (1)
We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider

e 11:[a- I

=y’ {nr{.r+_r}+_1'“}—.1'?: -y [Usin;_: {l}]

= m(.\'+_1'}.1.': +_'|=:Ji x? —,L'“ -_1':

=H!{."{+ rl'}.":: + __!_:.v. [J{: ."‘:]
=m{.1.'+ rl'}.‘-': + ,"':R [-‘f "‘,1"]{-"' .1}}
|

= (x+ p)pmx’ + p™ (x- 1]} which is a factor of (x+ y).

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N: 32" *2

- 8n - 9 is divisible by 8.

Answer

Let the given statement be P(n), i.e,,

P(n): 3*"*2 - 8n - 9 is divisible by 8.

It can be observed that P(n) is true forn = 1 since 32*'*2 -8 x 1 - 9 = 64, which is
divisible by 8.

Let P(k) be true for some positive integer k, i.e.,

3%*2 _ 8k - 9 is divisible by 8.

~3%*2_8k -9 =8m; wheremeN ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
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3 _g(k+1)-9

=33 Rk -89

=3 (3" -8k —9+8k+9) -8k —17

=37 (3" —8k—9)+37 (8k+9) -8k 17
=9.8m+9(8k+9) -8k —17

=9.8m+ 72k +81 -8k -17

=9 8m+ 64k + 64

:3(911:+31’c +8)

=8r, where r =(9m+ 8k +8) is a natural number
Therefore, 3" —8(k +1) -9 is divisible by 8.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all n € N: 41" -
14" is a multiple of 27.

Answer

Let the given statement be P(n), i.e.,

P(n):41" - 14"is a multiple of 27.

It can be observed that P(n) is true for n = 1 since 41' —=14' =27 , which is a multiple of
27.

Let P(k) be true for some positive integer k, i.e.,

41% - 14Ks a multiple of 27

~41% = 14 = 27m, where m e N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
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410 — 144!

=41"-41-14"-14

=41(41" - 14 +14" ) - 14" 14

=41(41" —14" |+ 41.14" —14" .14

=41.27m+14" (41-14)

=41.27m+27.14"

=27(41m—-14")

=27 xr, where r = [.4 lm—14 J is a natural number
Therefore, 41" —14**"" is a multiple of 27.

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Prove the following by using the principle of mathematical induction for all ne N:

(2n +7) < (n + 3)?

Answer

Let the given statement be P(n), i.e.,

P(n): (2n +7) < (n + 3)?

It can be observed that P(n) is true forn = 1 since 2.1 + 7 = 9 < (1 + 3)? = 16, which is
true.

Let P(k) be true for some positive integer k, i.e.,

(2k +7) < (k + 3)* ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
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{2(k+1)+7) = (2k +7)+2

-[2[k+|]+]’} :{2k+?}+2{[k+3}:+1 :uxing; [I]]
2(k+1)+7 <k’ +6k+9+2

2(k+1)+7 <k’ +6k+11

Now, k +6k+11<k” +8k+16

L2(k+1)+ 7 <(k+4)

2(k+1)+7 < {(k+1)+3}

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.
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